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Abstract 

An (a : 6)-coloring of a graph G is a function / which maps the 
vertices of G into 6-element subsets of some set of size a in such a 
way that f(u) is disjoint from f(v) for every two adjacent vertices u 
and v in G. The fractional chromatic number Xf(G) is the infimum 
of a/b over all pairs of positive integers a, b such that G has an (a : 
6)-coloring. Heckman and Thomas conjectured that the fractional 
chromatic number of every triangle-free graph G of maximum degree 
at most three is at most 2.8. Hatami and Zhu proved that Xf(G) < 3 — 
3/64 pa 2.953. Lu and Peng improved the bound to Xf(G) < 3—3/43 « 
2.930. Recently, Ferguson, Kaiser and Krai' proved that Xf(G) < 
32/11 » 2.909. In this paper, we prove that Xf{G) < 43/15 rj 2.867. 

1 Introduction 

A proper k-coloring of a graph G is an assignment of one color of k 
colors to each vertex v of G such that adjacent vertices receive different 
colors. The chromatic number of a graph G is the minimum k 

such that G has a proper A;-coloring. Graph coloring is one of the most 
celebrated topics in graph theory, it has been widely explored and has 
many generalizations. For any positive integer a, we let [a] be the set 
{1, 2, a}. Given a set S, we define 2 s to be the collection of subsets 
of S. An (a : b)-coloring of a graph G is a function / : V(G) — > 2^1 
such that = b for every vertex v, and f(x) R /(y) = for every 

adjacent vertices x and y. The fractional chromatic number Xf(G) 
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of G is the infimum of a/6 over all pairs of positive integers a, b such 
that G has an (a : 6)-coloring. In particular, every (k : l)-coloring is 
a proper fc-coloring, so Xf(G) < x{G). 

Fractional coloring can be investigated from the point of view of 
optimization. An independent set I of a graph is a subset of vertices 
such that every two vertices in / are not adjacent. So it is clear that the 
chromatic number is the minimum number of nonempty independent 
sets that partition the set of vertices. In other words, the chromatic 
number is the optimal value of a certain integer programming prob- 
lem. In fact, the optimal value of the LP-relaxization of this integer 
programming problem is the fractional chromatic number, and the in- 
fimum in the definition of the fractional chromatic number is attained 
|13] . so the infimum can be replaced by minimum. Furthermore, by 
taking advantage of the duality of linear programming problems, the 
fractional chromatic number of a graph G is at most k if and only if 
for every weighted function defined on vertices of G, there exists an 
independent set / such that the sum of weights of verties in / is at 
least w/k, where w is the sum of weights of all vertices in G. 

Brooks' Theorem implies that Xf(G) < A(G), where A(G) is the 
maximum degree of the graph G unless G is the complete graph or an 
odd cycle. On the other hand, it is easy to show that Xf{G) > w(G), 
where oj{G) is the clique number which is the maximum size of a 
subgraph whose vertices are pairwise adjacent in G, so one might 
expect a better upper bound when to(G) < A(G). Indeed, it is not 
hard to see that Xf(G) > \V(G)\/a(G), where a(G) is the maximum 
size of an independent set in G, so the best upper bound we can expect 
is\V(G)\/a(G). 

A graph is subcubic if it has the maximum degree at most three. 
Given a family % of graphs, a graph is %-free if it does not contain 
any graph in H as a subgraph. A graph is triangle-free if it is {-^3}- 
free. Staton [14] proved that a(G) < 5|y(G)|/14 for every triangle- free 
subcubic graph G. This result is best possible as Fajtlowicz [3] pointed 
out that the generalized Petersen graph P(7, 2) has 14 vertices but no 
independent set of size 6. Heckman and Thomas [7] gave a short proof 
of Staton's Theorem and gave the following conjecture. 

Conjucture 1.1 fW The fractional chromatic number of every triangle- 
free subcubic graph is at most 14/5. 

Some progress on this conjecture has been made, but it remains 
open. Let G be a triangle-free subcubic graph. Hatami and Zhu [B] 
proved that Xf(G) < 3 - 3/64 « 2.953, and X f{G) < 14/5 if the 
shortest cycle of G has length at least 7. Lu and Peng [TT] improved 
the bound to Xf{G) < 3 — 3/43 « 2.930. Recently, Ferguson, Kaiser 
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and Krai' @] proved that Xf{G) < 32/11 w 2.909. In this paper, we 
prove the following theorem to improve the upper bound. 

Theorem 1.2 The fractional chromatic number of every triangle-free 
subcubic graph is at most 43/15. 

Note that 43/15 = 14/5 + 1/15 rj 2.867. 

The paper is organized as follows. We will give many lemmas 
without proofs and use them to prove Theorem 11.21 in section 2, and 
the remaining sections are dedicated to proving those lemmas. More 
specifically, we investigate the structure of fractionally critical graphs, 
which play the role of minimum counterexamples of Theorem 2 in 
section 3. In fact, we prove a more general result than we need in this 
paper, one that might be useful in future work. In section 4, we study 
a list-version of fractional colorings for graphs having some "simple" 
structures. In section 5, we prove the lemmas stated in section 2. 
Finally, we make some concluding remarks in section 6. 

In the rest of this section, we introduce some terminology. In 
this paper, graphs do not contain multiple edges or loops. For any 
subset S of vertices of a graph G = (V(G),E(G)), we define the 
neighborhood N G (S) of S to be the set of vertices v which are not in S 
but are adjacent to a vertex in S. Also, we define N G [S] to be the set 
N G (S)US. And we write N G ({v}) as N G (v) and N G [{v}] as n g[v] for 
short. If u, v are two vertices in G, then G + uv is the graph obtained 
from G by adding an edge uv. If uv is an edge in G, then G/uv is the 
graph obtained from G by contracting uv and deleting resulting loops 
and parallel edges. We define G[S] to be the subgraph induced by 
the set S when S is a subset of V(G). The degree of a vertex v in G, 
denoted by deg G (v), is the number of edges incident with v. G is cubic 
if every vertex in G is of degree 3. A leaf is a vertex of degree one, 
and a support vertex is a vertex that is adjacent to a leaf. A matching 
M is a subset of edges such that no two edges in M have a common 
end; we say that M saturates a vertex v if v is an end of some edge in 
M. Given any set S, we define the function 1$ by letting ls(x) = 1 if 
x G S, and Is (a;) =0 for otherwise. 

A digraph D is a graph equipped with orientation of edges. For 
each vertex v of D, we define Np(v) (and N^(v), repsectively) to be 
the set of vertices with head (tail, respectively) of an edge whose tail 
(head, respectively) is v. The out-degree degj(v) [in-degree degp(v), 
respectively) of v is the size of \N^(v)\ (\N^(v)\, respectively). 

Let H be a subgraph of a graph G. We say a function / defined on 
V(H) can be extended to a function g defined on V(G) if g(v) = f(v) 
for all v G V(H). We also say that / can be extended to G in this 
case. 
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Given a graph G and a function F : V(G) — > 2t 14 l, we say that 
/ : V(G) — > 21 14 ! is an F-avoiding coloring if /(«) is disjoint from 
F(v) U /(it) for every two adjacent vertices u and v. 

Let / be a proper 3-coloring of a subcubic graph G, 1 < z < j < 3, 
and C a union of some components of the subgraph Gij of G induced 
by f^~ l \i) U f^~^(j)- For every vertex v in Nq(C), we define ^(ti) 
to be the number of vertices in C adjacent to v. We say that B is 
a boundary- graph of C if i? is a graph such that V(B) = Nq(C) and 
no three vertices xi,X2,xs with nc(xi) = 1 for 1 < i < 3 form a 
triangle in 5. (B,tf) is a boundary-pair of C if -B is a boundary- 
graph of C and J is a collection of pairwise disjoint subsets J of 
V(B) such that every vertex v in J satisfies that nc(v) > 2. Given 
a boundary-pair (B,,J), we say that a function F : V(C) -> 2l 14 l 
is (B, J) -compatible if there is a (14 : 2)-coloring h of B such that 
each set S € c7 contains two vertices xs,ys such that h{xs) = h(ys), 
and -F(u) = U«GA r G(»;)nv / (B) M n ) ^ or ever y vertex v of C. Note that 
1-^(^)1 < 2| A^Gr(t?) PI V"(.B)| = 6 — 2deg c (f) for every vertex v in C and 
every (B, ^-compatible F. 

We say that a boundary-pair (i?, J") of C penetrates C if there is 
an independent set / C {v € V(C) : deg c (v) = 3} in C such that 
for every (B, j7)-compatible -F, there are -F-avoiding colorings 51,52 
of C such that |<7i(t>)| + |#2(^)| = 16 — 2deg c .(u) — 2 • lj(v) for every 
vertex v of C. We say that a boundary-pair {B\,J{) of C cooperates 
with a boundary-pair (S2, ^2) in C if there exists an independent set 
I C {u G V"(C) : degc<(u) = 3} of C such that for every k = 1, 2 and 
(Bfc, j7fc)-compatible Ffc, there are F^-avoiding colorings of C such 
that + |52(^)| = 16 — 2deg c (v) — 2 • lj(i>) for every vertex t> of 

C. 

Given two positive integers a, 6, a set S, and two functions / : 
S -> 2W and g : S -»■ 2^, define / W 5 : 5 -> 2t a+fc ] by letting 
f^Sg(v) = {x, y + a : x £ f(v),y G S'(w)}- Note that the operation l±J is 
not associative. For convenience, we simply denote (...((/ittl/2)ttl/3)l±l 
...) y /„ by /1 y f 2 l±l /3 l±l .../„ for every n > 3. The following lemma 
shows the motivation for introducing the notion of penetrations and 
cooperations. 

Lemma 2.1 Let f be a proper 3-coloring of G, l<s<t<3, pan 
integer, and let C\, C2, C Ts t be the components of the subgraph G S} t 
indeuced by f^ l \s) U f^ 1] {t). A ssume that there are boundry-pairs 
{Bi,Ji) that penetrates Ct for 1 < i < p, and there are boundry-pairs 
(Bi,i, Ji,i) and (B ij2 ,Ji,2) for p + 1 < i < r S)t such that (B it i, J^\) 
cooperates (B ij2 ,Ji,2) for p + 1 < i < r s , t . Let R k = \Ji<i< P B i u 
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Up+i<i<r s , t B i,k and S = Ui<i< P ^ U U P+ i<i<r s , t Ji,k for k = 1,2. 
// i/iere are a (R±, Si) -compatible function and a (R2 ,S 2 ) -compatible 
function, then there are an independent set I S) t C \v G : 
deg Gst (t>) = 3} and a function g s ,t '■ V(G) — > 2^ such that \g s ,t(v)\ = 
8 if f(v) G* {s,t}, and \g s , t (v)\ = 32 - 4deg Gs _» - 4 • l 7s '» if 
f(v) G {s,t}, and g s ,t(x) fl g s ,t(y) = f or every adjacent vertices x 
and y. In particular, if such 51,2,51,3 and 52,3 exist, then G has a 
(172 : m)-coloring, and Xf{G) < 43/15. 

Proof. Let F\ and F 2 be a (R\, biocompatible and a (i?2j in- 
compatible function, respectively. Since (Sj,j7i) penetrates Cj for 
1 < i < p, there are independent sets I S: t,i V(Ci) : deg Gs t (v) = 

3}, Fi-avoiding colorings /ij,i and ^ l5 and ^-avoiding colorings hi t2 
and h' i2 such that + C^) I = 1^,2(^)1 + !M, 2(^)1 = 16 - 

2deg Gs t (v) — 2 • lj s t i (v) for vertex -u in Cj and for 1 < i < p. Simi- 
larly, since {B^J^) cooperates with {B ij2 ,J ij2 ) for p+1 <i < r s , t . 
there are independent sets I s ,t,j C {v G V"(Cj) : deg Gsi (v) = 3} and 
Ffc-avoiding colorings /i" fc , for A; = 1, 2, such that |^'i(«)| + ^"2 Ml = 
16 — 2deg Gs t (v) — 2 ■ lj s t i (v) for vertex v in Cj and for p+ 1 < i < r s , t . 

Let J S)t = Ui<i< rs , t I s,t,i, and let /ii,/i 2 be a (14 : 2)-coloring of 
(i?i,«Si) and (R 2 ,S 2 ), respectively, such that for each S G Si, there 
exist two vertices in S with the same /ij-value. Define g s ,t( v ) = (^1 ^ 
/ii W /i 2 W for « G V(G) - F(G Sjt ), 5a>t (u) = (^,1 W fc^ « ^,2 W 

/i- 2 )(w) for v G V(Ci) and 1 < i < p, and 5 s ,t(v) = (ti^ ttl /^i l±l /i" 2 t±J 
h'l 2 ){v) for u G V(Cj) and p + 1 < i < r 8 j- It is clear that I s j is 
an independent set, and g s ^ maps any two adjacent vertices to two 
disjoint sets in 2^. In addition, \g s ,t{v)\ = 8 for v G V(G) - V(G S:t ) 
and \g s ,t(v)\ = 32 - 4deg Gs _ t (u) - 4 • lj Sit (u) for every vertex u in G S)t . 

If 51,2, 5i,3 and 52,3 exist, then define 5 = 51,2 W 51,3 W 52,3- Hence, 
<7(v) C [168] and |^(t;)| = 72-4deg G (x;) -4(l /l: >) + l 7l >) + l /2:3 (<;)) 
for every vertex v in G. Let / = ii,2Uli,3Ul2,3. Note that every vertex 
in ii,2, ii,3 or ^2,3 is adjacent to three vertices of the same /-value, 
so these three sets are pairwise disjoint, and I is an independent set 
as well. Define g' : V(G) — > 2l 172 ] by assigning g'(v) = g(v) if v g" I, 
and g'(v) = g{v) U {169, 170, 171, 172} if v G /. Consequently, g' is an 
(172 : 60)-coloring since the maximum degree of G is at most three, 
and hence x/(G) < 172/60 = 43/15. ■ 

Lemma 2.2 Let G be a triangle-free subcubic graph, and f a proper 
3- coloring of G. Let C be a component of a subgraph of G induced 
by two color classes of f . Assume that C is a path of order k, where 
k is odd. If k ^ 3, then there is a boundary- graph B of C such that 
deg B (v) < 2nc(v) for every vertex v in B, and (B, 0) penetrates C. If 
k = 3, then there are graphs B\ and B2 such that deg B . (v) < 2nc(v) 
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for every vertex v in Bi and for every i = 1,2, and {B\, 0) cooperates 
with (J5 2 ,0). 

Let Lq be the graph obtained from adding two vertices to a path 
of 4 vertices such that each of the new vertices is adjacent to the both 
ends of the path. We say that the tuple (v±, V2, v$, V4, u±,U2) of six dis- 
tinct vertices of G forms a Lq in G if these six vertices induce a graph 
isomorhpic to Lq and U1V1V2V3V4U1 and U2V1V2V3V4U2 are the two 5- 
cycles in Lq. Notice that two different Lo's in G are not necessary 
vertex-disjoint. 

Given any proper 3-coloring / of G, we say that (vi, V2, V3, V4, u±,U2) 
is a rainbow Lq with respect to / (or f -rainbow) if (v±, V2, v$, V4, 11,1,1x2) 
forms a Lq, and f(m) = f(u 2 ) = tt(1), f(vi) = f(v 3 ) = vr(2), 
ffa) = f{ v &) = tt(3) for some permutation ir of {1, 2, 3}. 

For every even numbers i,j, where i,j > 4, we denote the path of 
order i and j by Pi and Pj, respectively, and we define Hij to be the 
graph that is obtained from two disjoint paths Pi and Pj by adding an 
edge incident with one support vertex in Pi and one support vertex in 
Pj. The family % consists graphs Hij for all even numbers i,j with 
i,j > 4. 

Lemma 2.3 Let G be a triangle-free subcubic graph, and f a proper 
3-coloring of G such that there are no rainbow Lq 's with respect to f. 
Let C be a component of a subgraph of G induced by two color classes 
°f f • If C is a P a th °f even order or it is a graph in %, then there are 
boundry-pairs {B\,Ji) and {BiiJ"!) of C such that 

1. Both {B\,Ji) and (-62,1/2) penetrate C. 

2. For each i = 1,2, every vertex v except at most one, denoted by 
Wi, in Bi has deg B .(v) < 2nc(v) and deg B . (wi) = 2nc(wi) + 1 
(if Wi exists). 

3. If both w\ and W2 exist, then either nc(wi) = nc{w2) = 3 or 
degB a -i( w i) ^ 2 n c(wi) — 1 for each i = 1,2. 

4- For every i in which w-i exists, there is a vertex w[ in the com- 
ponent of Bi containing Wi such that deg Bi (tt;-) < 2nc(w[) — 1. 

5. Each Ji contains at most one set. 

6. lfJ i = {J^^%, then 

M \\J v eJ l ,n c (v)=2NB t (v)\<2. 

(b) If\Jc\ = 3, then either \\J veJi , nc{v)= 2 N Bi (v)\ < 1, or there 
is a vertex v in V(Bi) adjacent to exactly two vertices in Ji. 
For the latter case, Nb^v) C Jj when nc(v) = 1. 
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(c) Either Ji is an independent set of size 2 such that one vertex 
x in Ji has nc{x) = 3, or Jj = {x, y, z} is an independent 
set of size 3. 

(d) If there exists x G Ji with nc(x) = 3, then \\J ve j -/Vg. (y)\ < 
3. In this case, if C is a path of even order and some support 
vertex is of degree 2 in G, then lUt-gj, ^B t (v)\ < 3. 

We say that a graph G is good if G is bipartite subcubic and the 
following hold: 

(Gl) No vertex of degree three is adjacent to three vertices of degree 
three in G. 

(G2) For every two adjacent vertices x,y of degree three in G, either 
at least one of x, y is adjacent to a leaf, or each of x, y is adjacent 
to a support vertex of degree two. 

(G3) If x, y, z are three vertices of degree three such that xyz is a path 
in G, and each x and z is adjacent to a leaf, and the neighbor y' 
of y other than x and z has degree two, then the neighbor y[ of 
y' other than y is a leaf. 

(G4) If x, y, z are three vertices of degree three such that xyz is a 
path in G, degg(zi) > 2, and degg^) > 2, where Nq(z) = 
{z\, Z2,y}, then z\ or Z2 is a support vertex of degree two. 

We say that a 3-coloring / of G is good if it is proper, and G 
contains no /-rainbow Lo's, and every two color classes of / induce a 
good graph. 

Lemma 2.4 Let G be a triangle-free subcubic graph, and f a good 
3-coloring of G. Let C be a component of a subgraph of G induced by 
two color classes of f . If C is not a path nor a graph in %, then there 
are two boundary- graphs B\ and B2 of C such that deg B .(v) < 2nc(v) 
for each i = 1,2, and (5i,0) cooperates with (52,0). 

G is fractionally t-critical if Xf{G) > t but Xf{H) < t for every 
proper subgraph H of G. Readers who are familar with the notion 
of coloring critical graphs might notice that the equality in the above 
definition is on the side of subgraphs instead of on the side of G as in 
the definition of coloring critical graphs. Even though our definition 
of fractionally critical graphs is not consistent with coloring critical 
graphs, we think that it is more reasonable to define critical graph in 
this way when we deal with fractional coloring. 

Lemma 2.5 IfG is a fractionally t-critical triangle-free subcubic graph 
with t > 8/3, then G has a good 3-coloring. 
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The following lemma is proved in |T| and probably elsewhere. 

Lemma 2.6 [1] If G is a graph, then there is an orientation of G 
such that the in- degree and the out- degree of every vertex v is at least 
[deg G (v)/2\. 

Now we are ready to prove Theorem 11.21 

Proof of Theorem 11.21 Suppose to the contrary, and let G be a 
fractionally 43/15-critical triangle-free subcubic graph. By Lemma 
12.51 there exists a good 3-coloring / of G. Let 1 < s < t < 3 and 
let G s j be the subgraph of G induced by U f^~^(t). For 

every component C of G s j isomorphic to a path of even order or a 
graph in H, there exist boundry-pairs {Bc,i, Jc,i) and {Bc,2,Jc,2) of 
C satisfiying statements 1, 2, 6 in Lemma l2.3l So for each i = 1, 2, 
there is at most one vertex, denoted by wc,i if it exists, satisfies that 
nc(wc,i) < 2 and deg Bc .(wc,i) = 2nc(wc,i) + l- We call a component 
C' of G s j isomorphic to a path of even order or a graph in 7i dangerous 
if both wc,i and wc,2 exist. Note that wc,i could be equal to wc : i' 
for some component C' ^ C of G s< t and some i' . Construct a graph 
A, where ^(^4) = {wc,i, wc',2 '■ C is a dangerous component} and 
E(A) = {wc ,\Wc> ,i '■ C' is a dangerous component}. By Lemma I2U1 
there is an orientation of A such that every vertex v in A has in-degree 
and out-degree at most \deg A (v)/2~\. Since we can exchange the name 
of -£>c*,i and -B<7,2> we may assume that every directed edge of A in the 
orientation is from wc,i to wc,2- Note that every wc,i is adjacent to 
at most three components of G s j, so the maximum degree of A is at 
most three, and |degj^(f) — deg^(t>)| < 1 for every vertex v in A. 

On the other hand, for every component C of G Sy t not isomorphic 
to a path of even order or a graph in H, either there is a boundry-pair 
(Be,®) penetrates C, or there are boundary-pairs (Bc,i, Jc,i) an d 
(Bc,2,Jc,2) of C such that (B C \i,Jc,i) cooperates with (B c ,2,Jc,2), 
and deg Bc (v) < 2nc(v) (or deg Bc .(v) < 2nc(v) for i = 1,2, re- 
spectively) for every vertex v in Be (or Bq,i and Bc,2, respectively), 
by Lemmas 12.21 and 12.41 For each i = 1,2, construct a graph Hi 
by defining V(H t ) = N G (G s , t ) and E{Hi) = \JE(B C ) U\jE(B c ,i), 
where the first union runs through all components C of G S) t which 
is a path of order not three, and the second union runs through all 
other components C of G s j. Note that for every vertex v € Hi, 
deg Hi {v) < 2J2c n c(v) + ({C : v = w c ,i}\ - \{C : v = w c , 3 -i}\ < 
2deg G (u) + \deg\(v) - deg^(u)| < 7. Similarly, we define Ji = \JJc,i 
for each i = 1,2, where the union runs through all components C of 
G S) t which is a path of order not 3. 
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Note that it is sufficient to show that for each i = 1,2, there is a 
proper 7-coloring hi : V(Hi) — > [7] of Hi such that every set in Ji has 
two vertices of the same /ij-value. If such colorings h\, /12 exist, then it 
is clear that F, : V(H) 2^ defined by F^v) = {2hi{v) - 1, 2hi(v)} 
for every vertex v in V{Hi) is {Hi, Ji)- compatible. Since it is true 
for every 1 < s < t < 3, Lemma 12.11 implies that Xf(G) < 43/15, 
contradicting G is a fractionally 43/15-critical graph. 

Now we shall show that there is a proper 7-coloring hi of Hi such 
that every set in Ji contains two vertices having the same /ij-value. 
The proof for H\ and H2 are the same, so we write H instead of H\,H2 
for convenience, and let Jc, Bq and wc be the corresponding Jc,i, 
Bc,i and wc,i, respectively, for every component C of G s> t- 

First, we show that H is proper 7-colorable. By Brooks' Theorem, 
it is sufficient to show that no component of H is isomorphic to Kg, 
since the maximum degree of H is at most 7. Suppose to the contrary, 
and let X be a component of H isomorphic to Kg. The following two 
claims are clear, and Claim 3 is followed from statement 4 in Lemma 

E3J 

Claim 1: If deg x (v ) = 7 then v is adjacent to at least one dangerous 
component C of G Sj t such that v = wc- 

Claim 2: If deg x (v) = 7 and deg Bc (v) < 2nc(v) — 1 for some C, 
then nc(v) = 1 and there are two other dangerous components C, C" 
such that v = wc> = wc" ■ 

Claim 3: For each dangerous component C, there is a vertex uc in 
the component of Be containing wq with deg Bc (uc) < 2nc{uc) — 1- 

For any two vertices x, y in X, if x = wc and y £ Nb c (x) such 
that deg Bc (y) < 2nB c {y) — 1, then we direct the edge xy from x to 
y. Note that the direction of such edge is well-defined, since if xy 
is an edge in Bq< and Be" for two different dangerous components 
C and C" , then it is only counted once in the union when we define 
E(H), so deg(x) < 6, contradicting X is isomorphic to Kg. Consider 
the subgraph H' of H induced by edges that are oriented in X. Note 
that every vertex in H' has out-degree at least 1 (by Claims 1 and 
3) and in-degree at most 1 (by Claim 2). Furthermore, if the vertex 
has in-degree 1, then it has out-degree 2 by Claim 2. So the sum of 
out-degree of vertices in H' is greater than the sum of in-degree of 
vertices in H', a contradiction. Hence, H is 7-colorablc. 

Denote Jc by {Jc} for every nonempty Jc- Note that for every 
component C,C of G St t, we have that every vertex v in Jc satisfies 
that nc{v) > 2, and no triangles in Be 1 contains three vertices whose 
nc -values are 1, so Jc is not a clique in H. In addition, every vertex 
v in Jc has degree at most 6 in H. 

Claim 4: Every proper 7-coloring of H — Jc can be extended to a 
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proper 7-coloring of H such that some two vertices in Jc receive the 
same color if one of the following is satisfied: 

1. \Jc\ = 2; 

2. there are two edges in H with both ends in Jc; 

3. there is a vertex in Jc incident with at most two edges in E(H) — 
E(Bc), and there are at most one edge in H with both ends in 

Jc; 

4- IU ieJo JVfl B («)l = l- 
Proof of Claim 4: 

1. If \Jc\ = 2, then let Jc = {x,y}- By statement 6 (c) and (d) 
in Lemma 12.31 we know that one vertex, say x, in Jc satisfies 
that nc(x) = 3, \N Bc (x)l) N Bc (y)\ < 3 and deg H _ Bc (y) < 3, so 
\Njj(x) UNjj(y) — Jc\ < 6. Therefore, we can extend any proper 
7-coloring of H — Jc to H such that x and y receive the same 
color. 

2. We may assume that \ Jc\ =3 for the rest of the proof of Claim 
4. Let Jc = {x,y,z} and xy,yz € E(H). Since nc(v) > 2 
for every v € Jc, there is at most one component C ^ C of 
G s j such that Jc H V(Bc) ^ 0- Also, Jc is an independ set in 
Be and x, y, z cannot form a triangle in Bqi, so xz ^ E{H). In 
addition, \N H (x)UN H (z)- J c \ < 6, since \N Bc (x)UN Bc (z)\ < 2 
and both deg B { xy }(x) and deg Bc/ _^ xy y(y) are at most 2 for 
the component C 7^ C of G S; t containing x,y (if C exists), so 
every proper 7-coloring h of H — Jc can be extended to H such 
that h(x) = h(z) by first defining h(x) = h(z) to be a color in 
[7] — (N B (x) U Njj(z) — Jc) and then defining h(y) to be any 
feasible color. 

3. Assume that there is a vertex in Jc incident with at most two 
edges in E(H) — E(Bc)- If there is exactly one edge in H with 
both ends in Jc, then there are two non-adjacent vertices u, v 
in Jc such that \Njf(u) U Njj(v) — Jc\ < 6, so every proper 7- 
coloring of H can be extended to a proper 7-coloring of H such 
that two vertices in Jc receive the same color. 

So we may assume that no edge in H with both ends in Jc- Let 
Jc = { a , b, c}, and let a be incident with at most two edges in 
E(H) — E(Bc)- Then for every proper 7-coloring h of H — Jc, 
\(N H (a)UN H (b))-J c \ and \ (N H (a)UN H (c))- J c \ are at most 7, 
so either \h((N H (a) UN H (b)) - J c )\ < 6 or \h((N H (a)U N H (c)) - 
Jc)\ < 6 or h(N B (b) — Jc) = h(Njj(c) — Jc), so there are two 
non-adjacent vertices u,v in Jc such that \h(Njj(u) U N B (v) — 
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Jc)\ — 6, and hence it can be extended to a proper 7-coloring of 
H such that h(u) = h(v). 

4- If IUmgJc Nb c ( u )\ = 1) then we can use the similar argument in 
the last paragraph to show that for every proper 7-coloring of 
H — Jc , there are two vertices x, y in Jc such that \1i{Nh{x) U 
Nji{y) — Jc)\ < 6, so h can be extended to a proper 7-coloring 
of H such that h(x) = h(y). This completes the proof of Claim 
4. □ 

For each component C of G B t, if any hypothesis of Claim 4 applies 
on Jc, then define Sc = Jc', otherwise, define Sc = Jc U { M c}j 
where uc is a vertex in \J u& j c ^B c (u) such that uc is adjacent to 
exactly two vertices in Jc- Note that uc exists by statement 6 in 
Lemma 12.31 By Claim 4, if Sc = Jc an d h is a proper 7-coloring 
of H — Jc, then h can be extended to a proper 7-coloring of H such 
that at least two vertices in Jc receive the same color. On the other 
hand, if uc £ Sc H Jc for some two distinct components C and C", 
then nc(uc) = 1, nc>(uc) = 2, and there are at most two edges 
in E(H) — E(Jc) incident with uc, so 5c = Jc- Therefore, it is 
sufficient to find a proper 7-coloring of H — {J c Jc, where the union 
runs through all components C of G Sj t such that Sc = Jc, such that 
Jc has two vertices receiving the same color for each component C 
of G s j with the property that Sc> ^ Jc ■ Hence, we may assume that 
Sc 7^ Jc for every component C of G s> t- Since every vertex v in Jc has 
nc(v) > 2, we have that Sc n Sc C {ucuc} fo r ever y two different 
components C, C" of G S) t- Using the argument for proving the fourth 
case of Claim 4, one can show that every 7-coloring h of H — Sc can 
be extended to a proper 7-coloring of (H — Sc) U {x, y} such that 
h(x) = h(y) for some distinct x,y € Jc. Furthermore, we can further 
extend the coloring h of (H — Sc) U {x, y} to (H — Sc) U {x, y, uc}) 
since up adjacent to at least two vertices in Jc, it means that either 
two neighbors of uc have the same h- value, or one neighbor of uc has 
not been assigned h- value. Finally, we can extend h to H since every 
vertex in Jc has degree at most 6. 

Now, we constuct a proper 7-coloring h of H such that each Jc 
has two vertices getting the same /i-value. Note that Jc D Jc unless 
C = C' . Set H' = H — {J c Sc, where the union runs through all 
components C of G Si t such that Jc ^ 0, and let h be a proper 7- 
coloring of 7J — |Jc ^C- Pick a component C*, where Jc* = {Jc*} 7^ 
and Sc* 7^ Jc* an d Jc* fl ff ' = 0, then extend h to 7J' U Jc* such 
that h(xc*) = h(yc*) for some distinct vertices xc* and yc* m Jc* 5 
and set H' to be the subgraph of H induced by V(H') U Jc*. Repeat 
this process until no such C* exists. Note that Jc* Pi Sc = for other 
component C of G^, since Jc* 7^ Sc*- So any vertex in H that has 
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not been colored by h is either in Jc with Jc = Sc or equal to uc 
with Jc 7^ Sc- According to the augument in the previous paragraph, 
we can extend h to the remaining vertices in H. This completes the 
proof of the theorem. □ 

3 Structure of fractionally critical graphs 

The objective of this section is to prove Lemma [2.51 Recall that G 
is fractionally t- critical if Xf{G) > t but Xf(H) < t for every proper 
subgraph H of G. The following lemma is obvious. 

Lemma 3.1 Lett>0. Every fractionally t- critical graph is 2-connected, 
and it has no vertex-cut which induces a clique. 

Lu and Peng [11] gave the following result for graphs that have a 
vertex-cut with size 2. 

Lemma 3.2 \1 ij / Let G\ and G 2 be two induced subgraph of G such 
that V(G X ) U V(G 2 ) = V{G) and V(G X ) n V(G 2 ) = {u,v}, where 
{u, v} is a vertex-cut. 

1. If uv is an edge inG, then \f{G) = max{x/(Gi), X/C^)}- 

2. If uv is not an edge in G, then X/(G) < max{x/(G r i), Xf(@2 + 
uv),Xf{G 2 /uv)}. 

Now, we shall give a list of forbidden subgraphs for every fraction- 
ally t-critical graph for t > 8/3. We define Ri to be the graphs in 
Figure [TJ for < i < 7. 

Lemma 3.3 Every fractionally t-critical graph with t > 8/3 is {Ri : 
1 < i < 7} -free. 

Proof. Suppose that H is an induced subgraph of a fractionally t- 
critical graph G with t > 8/3 isomorphic to Ri for some 1 < i < 7. It is 
clear that Ri has a (8 : 3)-coloring for every 1 < i < 7, so \N(H)\ > 2 
by Lemma 13.11 Since R§ and are cubic, and R% contains only one 
vertex of degree at most two, so i ^ 3, 5, 6. Let U{ and Vi be the two 
vertices in N(H) when i = 1,2,4,7, and let H' be the subgraph of 
G induced by V(H) U {ui,Vi}. Note that Ui might be equal to Vi, 
and either {ui,Vi} is a vertex-cut or H' = G. It is easy to check that 
Xf(H' + UiVi) < 8/3 (when m ^ v{) and Xf{H' /uiVi) < 8/3 for every 
i = 1,2,4,7. Hence, every fractionally i-critical graph is -Rj-free, for 
i = 1, 2, 4, 7, by Lemma 1331 ■ 
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Next, we investigate structure of fractionally t-critical graphs that 
contains Lq as a subgraph, where t > 8/3. Note that two different 
Lo's are not necessarily vertex-disjoint. For i £ N, define Cq = {Lo} 
and Li to be the collection of triangle-free subcubic graphs H that 
can be obtained from some graph H' in £i-\ by either 

• (Operation 1) adding a disjoint Pi to H' and two edges, where 
one edge is incident with one end of the Pi and one vertex in a 
C4 in H' , and the other edge is incident with the other end of 
the P2 and the diagonal vertex of the same C4 in H' , or 

• (Operation 2) adding a disjoint C4 to H' and two edges, where 
one edge is incident with one vertex in the C4 and one end of a 
P2 in H' , and the other edge is incident with the diagonal vertex 
in the C4 and the other end of the P2 ■ 

It is easy to see that every graph in d, where i > 0, contains exactly 4 
vertices of degree 2, and these 4 vertices can be paired such that each 
pair either induces a path of order 2 or contains two diagonal vertices 
of a 4-cycle. For every finite sequence (01,02, —,a>k) with a, E {1,2} 
for all 1 < i < k, we denote £01,02,— as the graph that is obtained 
from Lo by doing Operations a%, a%, a*, consecutively. Note that for 
every graph H € Ct and for each Operation j, where t is a postitive 
integer and j = 1,2, there is at most one way (up to isomorphism) 
to add edges to link H and the new P2 or C4, so L aija2j ... jafc is well- 
defined. However, L 0lj02j ... j0)b may be equal to Ljj jj ^ for some two 
differnent sequences (01, 02, ojfe) and (61, 62, b m ). The following 
lemma ensures that every graph in Ct can be generated by Operations 
1 and 2 alternately, and it can be easily proved by doing induction on 
t, so we leave the proof for the readers. 

Lemma 3.4 Every graph H in Ct, there is a sequence (01,02, —,ctt) 
with a\ € {1,2} and 04+1 = 3 — Oj for 1 < i < t — 1 swc/i i/mi 

= ^-'ai,a2,...,a t • 

We denote -L a i,a 2 ,...,a t by for each sequence (01,02, ...,o 4 ) with 
Oj G {1, 2} and a.; + i = 3 — Oj. By Lemma [3^1 Ct = {L^ , L, 2 * } for each 
positive integer t. Let £ be the set of triangle-free subcubic graphs 
H' that contains a graph H in Ci, for some i, as a spanning subgraph 
with \E{H')\ > \E(H)\. 

Lemma 3.5 Every fractionally t-critical triangle-free subcubic graph 
with t > 8/3 is £ -free. 

Proof. Let G be a fractionally t-critical triangle-free subcubic graph 
with t > 8/3. Since every graph in d, where i > 0, has at most 4 
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Figure 2: A (8 : 3)-coloring of a subgraph of a graph in 

vertices of degree two, every graph in C! has at most two vertices of 
degree two. Hence, if G is not £'-free, then either G is in £ , or there 
are two vertices u, v such that G — {u, v} is not connected and one 
component of G — {u, v} is in since G is 2-connected. We shall 
show that Xf{G) < 8/3, which leads to a contradiction. 

For the case that G is in £' , we assume that G contains a graph 
H in Ck as a spanning subgraph for some positive integer k, and we 
may assume that G is cubic. For the case that G — {u, v} contains a 
subgraph in £,', we let H be a component of G — {u, v} containing a 
graph in C^, and it is sufficient to show that Xf(H +uv) and Xf(H/uv) 
are at most 8/3 by Lemma I3T21 Let {w, x, y, z] be the four vertices of 
degree two in H. So, we may assume one of the following cases holds 
by symmetry: 

1. Both wx and yz are edges in H. 

2. wx is an edge in H and y, z are diagonal vertices in a C4. 

3. w,x are diagonal vertices in a C4 and y,z are diagonal vertices 
in another C4. 

Note that the neighbor of u and the neighbor of v are not adjacent in 
H since G is triangle-free and \E(H)\ > \E(H')\ for H' € C k 

Observe that if / is a (8 : 3)-coloring of a graph A — {b, c}, where 
P = abed is a path in A such that internal vertices of P are of degree 
two in A, and /(a) 7^ /(d), then there is a (8 : 3)-coloring of A 
obtained from / by extending it to V(A). On the other hand, if / 
is a (8 : 3)-coloring of a graph A — {&}, where P = abc is a path 
in A such that the internal vertex b of P is of degree two in A, and 
/(a) fl /(c) 7^ 0, then there is a (8 : 3)-coloring of A obtained from / 
by extending it to V(A). Consequently, it is sufficient to show that: 

1. If wx and yz are edges, then there are (8 : 3)-colorings f\, ji of H 
such that /iHn/i(y) = 0, h{x)nh(z) = 0, / 2 (a»)n/j(y) = 0, 
andl<|/ 2 (a?)n/ 2 (z)| < 2. 

2. If is an edge and y, z lie in a C4, then there are (8 : 3)- 
colorings /1, f 2 of H such that /i(io) n fi(y) = 0, /i(ic) n fi(z) = 
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0, / 2 H n f 2 (y) = 0, l < |/ 2 (;r) n / 2 (z)| < 2. 

3. If w, x are diagonal vertices in a C4 and y, z are diagonal vertices 
in a C4, then there are (8 : 3)-colorings f\ y j% of H such that 
fl(w) n /!(y) = 0, h(x) n = 0, / 2 H n ftfo) = 0, l < 
l/ 2 Hn/ 2 (y)| <2. 

The coloring drawn in Figure [2] shows that the patterns of the 
colors on the two adjacent degree- two vertices can be kept if we do 
Operations 2,1,2,1 consecutively, so it is sufficient to check the above 
three cases for < k < 4. In fact, it is not hard to check these cases, 
and we leave this for the readers. ■ 

Lemma 3.6 Let G be a {K%,Ri : 1 < % < 7}L)C'-free subcubic graph. 
Let t be a postitive integer, and for each i with 1 < i < t, let Hi 
be a subgraph of G such that Hi is isomorphic to Lq. If V(Hi+i) n 
(U}=i V(Hj)) + for all i > 1, then G[U* = i V{Hi)\ is isomorphic to 
Rq or a graph in for some k > 0. 

Proof. For each 1 < % < t, let V(Hi) = {^,1,^,2,^,3,^,4,^^1,^-^}, 
and (^,1,^,2,^,3,^,4,^,1,^,2) form Lq. We shall prove this lemma 
by doing induction on t. The lemma is clear if t = 1. Now, we prove 
the case that t = 2. 

Suppose this lemma is not true when t = 2. If (v2 1,1*2,2) = 
(1*1,1,1*1,1), then G[V (Hi)\JV (H2)] is isomorphic to Rq by the triangle- 
freeness. So we may assume that (1*2,1,1*2,2) 7^ (1*1,1, 1*1,1)- If u 2,i = 
ni,i, then V2,2 V(Hi) by symmetry, and hence G[V(Hi) U V(i?2)] 
is isomorphic to the graph that can be obtained from Lq by Oper- 
ation 1. So we may assume that {1*2,1,1*2,4} H {1*1,1,1*1,2} = 0- If 
1*2,2 = 1*1,1 and 1*2,1 £ V(Hi), then G[V(i2i) U V(i?2)] is isomorphic 
to the graph that can be obtained from Lq by Operation 1 and then 
adding an edge, so it is in C' . If f 2 ,2 = 1^1,1 and 1*2,1 V(Hi), then 
G[V(Hi)UV(H2)] is isomorphic to R\, a contradition. Hence, we may 
assume that {1*1,1,7x1,2} fl {i*2,j : 1 < j < 4} = 0. Consequently, if 1*2,1 
or t>2,4 is in V{H\), say «2,i £ V"(i?i), then t> 2 ,i is equal to t>i,i or 1^4, 
and hence G[V(-Hi) U V(i?2)] is isomorphic to Lo, -R3 or .R4. So U2,i 
and t>2,4 are not in V{H\). Furthermore, if t; 2 ,2 or -u 2 ,3 is in V(H\), say 
1*2,2 € V(Hi), then u 2 ,2 is 1*1,2 or 1)1,3, and hence G[V(#i) U V(i?2)] is 
isomorphic the graph that can be obtained from Lq by Operation 2. 
As a result, {v2j : 1 < j < 4} is disjoint from V{H\), and it implies 
that {« 2 ,l, 1*2,2} nV(i?i) = 0, so V{Hi)C\V{H 2 ) = 0, a contradiction. 
This proves the case that t = 2. 

Let t > 3. First, suppose that Gp^V {Hi)] = R . If {v t)1 ,v t} 4} n 
(Uti V(fli)) / 0, then G[U* =i y(Fi)] is isomorphic to R ', R u R 2 , 
i?3, i?5, i?6 or i?7, a contradiction. So {1*^1,1*^4} H (Ul=i = 0, 
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but it implies that {v t< 2, vt,3, v>t,i, ^,2} n flj*=i v ( H i)) = as well, a 
contradiction. Therefore, G[U*z}i^i] is isomorphic to a graph in Ck 
for some k > by the induction hypothesis. We may assume that 
k > 2 since we may assume that V(Hi + \) — (U}=i^(-^j)) / f° r 
1 < z < t — 1, without loss of generality. In this case, we have the 
following two claims since G is £'-free. 

Claim 1: Each vertex of degree two in a graph in Ck is adjacent to a 
vertex of degree three. 

Claim 2: Each two non-adjacent vertices of degree two in a graph in 
Ck either are in a 4-cycle or have distance at least three. 

Observe that {vtj : 1 < j < 4}n(J*-~ ^ V{Hj) 7^ 0, since every graph 
in Ck has minimum degree two. So it is impossible that Vt,i,vt,2 
V(H t ) - (U$=l V(Hj)) by Claims 1 and 2. Assume that v t ,i g V(H t ) - 
(\J-\ViHj)), but v t , 2 G V(H t ) - (\J-\ViHj)). By Claim 2, v tA g* 
V(H t ) - (ifjllViHj)), but it implies that G[\J j=1 V(Hj)] G £ fc+1 . 
Hence, we may assume that 1^,1,^,4 G U$=i ^"(-^7) ^y symmetry. 
Therefore, one of u^i and 1^2 is in U$=i ^(-^j) as wen ) so v t,i an d 
7^4 have distance two in U$=i ^(-^j)> an d this implies that one of v^i 
and ft t 4 has degree three in U$=i ^(-^j) by Claim 2, and hence both 

and nt t 2 are in U*=i an d v t,i an d ^t,2 are diagonal vertices 

in a 4-cycle. Consequently, G[|J* =1 V(Hj)] is isomorphic to a graph 
in This completes the proof. ■ 

Let G be a graph and H a subgraph, then we say that a proper 
3-coloring / of G is H -rainbow-free if i7 contains no rainbow Lq with 
respect to /. 

Lemma 3.7 Let G be a subcubic {K3} U C -free graph and H a sub- 
graph of G isomorphic to a graph in Ct for some t > 0. Let f be 
a proper 3-coloring of G — H . If either deg G (t> ) < 3 for some ver- 
tex v in H, or \f(Nc;(H))\ > 2, then f can be extended to a proper 
H -rainbow-free 3-coloring of G. 

Proof. We shall prove this lemma by doing induction on t. We may 
assume that deg G (x) = 3 for all x G V(H), otherwise, for each vertex 
v in H of degree at most 2, we add a new vertex u v to G and a new 
edge u v v, and then define f(u v ) to be an element in {1, 2, 3} such that 
\f(^G'(H))\ is as large as possible, where G' is the new graph, then 
\f(NQi(H))\ > 2, and any proper ii-rainbow-free 3-coloring g of G' 
extended from / is a proper ii-rainbow-free 3-coloring of G as well. 
So it is sufficient to deal with the case that \/(Nq(H))\ > 2. 

When t = 0, H is an induced subgraph as G is triangle-free. Let 
V(H) = {ui,Vj : i = 1,2, j = 1,2,3,4} and (vi, v 2 , v 3 , u 4 , m, u 2 ) form 
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a L . Let Xi € N G (ui) - V(H), and yj G N G (vj) - V(H), for i = 1, 2 
and j = 2, 3. Then / can be extended to a proper //-rainbow-free 
3-coloring g of G by first denning g(v\) = g{v^) = f{y2) and then 
defining g on the remaining vertices in H. 

Now, we assume that t > 1, so if is isomorphic to for some 
= 1,2. First, we assume that k = 2. So there is a cycle abcda 
such that .ff — {a, b, c, d} is isomorphic to a graph in Ct-i, where 
deg^(a) = deg H (c) = 2. Let a', c' be the neighbor other than in {b, d} 
of a and c, respectively. Let {x,y} = Nq(H) — {a',c'}. Note that 
a',c',x,y may not be pairwise distinct. If f(a') / f(c'), say /(a') = 1 
and /(c') = 2, then without loss of generality, we may assume that 
(f(x),f(y)) (1,1) (since we can swap colors 1 and 2), and hence 
we can extend / to a proper iJ-rainbow-free 3-coloring g of G by first 
defining (g(a), g(b), g(c), g(d)) = (3,1,3,1), and then defining g on 
V{H) — {a, b, c, d} by the induction hypothesis. If f(a') = f(c'), say 
f(a') = f(c') = 1, then without loss of generality, we may assume 
that (f(x),f(y)) / (3,3) (since we can swap colors 2 and 3), and 
hence we can extend / to a proper f/-rainbow-free 3-coloring g of G 
by first defining (g(a), g(b), g(c), g(d)) = (2,3,2,3), and then defining 
g on V(H) — {a, b, c, d} by the induction hypothesis. This proves the 
case that k = 2. 

Assume that k = 1. So there is a tuple (pi,P2,P3,P4, Qi, Q2) of 
vertices in H such that (pi,p2,P3,P4, Qi,Q2) forms a Lq with deg H (p2) 
= deg H (p 3 ) = 2, and H - {pi,P2,P3,P4,Qi,Q2} is in C t -2 if t > 2, and 
a P2 if t = 1. Let p' 2 ,P3 be the neighbor other than in {pi,P2,P3,P4,} 
°f P2,P3, respectively. Let {x,y} = Nc(H) — {p2,P3}- Note that 
P2,P3,x,y may not be pairwise distinct. Suppose that t > 2. If 
/(P2) ^ /(P3), say /(p' 2 ) = l,/(^ 3 ) = 2, then without loss of gen- 
erality, we may assume (f(x), f(y)) / (1, 1) (since we can swap colors 
1 and 2), and hence we can extend / to a proper iJ-rainbow-free 3- 
coloring g of G by first defining (g (pi ) , g (p 2 ) , g(p 3 ) , g {pa ) , g(qi ) , g(q2 ) ) = 
(2,3, 1,3, 1, 1) and then defining g on V(H) - {pi,P2,P3,P4, Qi, 92} by 
the induction hypothesis. If f(p' 2 ) = f(p' 3 ), say f(p' 2 ) = f(p' 3 ) = 
1, then without loss of generality, we may assume (f(x),f(y)) ^ 
(2,2) (since we can swap colors 2 and 3), and hence we can ex- 
tend / to a proper i7-rainbow-free 3-coloring g of G by first defin- 
ing (g{pi),g{p2),g(P3),g{p4),g(qi),g(q2)) = (3,2,3,1,2,2) and then 
defining g on V(H) — {pi,P2,P3,P4,qi,q2} by the induction hypothe- 
sis. This proves the case that k = 2 and t > 2. 

As for the case that k = 2 and t = 1, note that the above arguments 
also work except for the case that f(x) = f(y). By symmetry, it is 
sufficient to consider the case that f(p' 2 ) = /(P3) and f(x) = f(y). 
Without loss of generality, we may assume that f(p 2 ) = f(p 3 ) = 1 and 
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f{x) = f(y) = 2. Then it is clear that we can extend / to a proper H- 
rainbow-free 3-coloring g by defining {g{pi),g(p2),g(jp-i),g(pi),g{qi), 
g(Q2),g(w x ),g(w y )) = (1,2,3,1,2,2,3,1), where w x ,w y is the vertex 
in H adjacent to x and y, respectively. This completes the proof. ■ 

Lemma 3.8 Let G be a triangle-free subcubic graph and H a subgraph 
ofG. Let f be a proper (G—H) -rainbow- free 3-coloring of G—H . If H 
is isomorphic to Rq, then f can be extended to a proper G -rainbow-free 
3-coloring g of G. 

Proof. It is clear that no graph in Ct, for any t, contains Rq as an 
induced subgraph as G is triangle-free. By Lemma 13.61 it is sufficient 
to show that / can be extend to a proper 3-coloring g of G such that 
H contains no rainbow Lq with respect to g. 

Let V(H) = {vi,Uj,w : 1 < i < A,j = 1,2}, (v 1 ,v 2 ,v 3 ,V4,u 1 ,u 2 ) 
form a Lq, and w adjacent to u\ and v%. Note that if h is a proper 
3-coloring of H such that {h(vi), h(v2), h(vs)} = {1,2,3}, then H 
contains no rainbow Lq with respect to h. Let Nq{H) = {x,y, z) 
such that xv 2 ,wy,u 2 z G E{G). Without loss of generality, we may 
assume that f(z) = 1. Then we extend / to g by first defining g(v\) = 
1,5(^2) G {2,3} - {f(x)},g(v 3 ) = {2,3} - {g(v 2 )}, and then it is easy 
to further define g on the remaining vertices such that g is a proper 
3-coloring of G and G contains no rainbow Lq with respect to g. ■ 

Lemma 3.9 Let G be a K^-free subcubic graph and S a subset of 
E(G). If G — S is {K%, Ri : 1 < i < 7} U C -free, and no subgraph H 
of G isomorphic to a graph in C! satisfies that H — S in Ct for some 
t > 0, then there is a proper (G — S) -rainbow-free 3-coloring f of G. 

Proof. We shall do induction on |V(Gr)|. If G — S contains no Lq 
as subgraph, then a proper (G — S^-rainbow-free 3-coloring exists by 
Brooks' Theorem. This proves the base case, and we assume that 
G — S contains Lq as a subgraph. Let H be a maximal subgraph 
of G — S induced by a set T which is of the form lL=i Hi f° r some 
positive integer k, where each Hi is isomorphic to Lq. That is, if T' is 
a subset of V(G) with (G - S)[T'] isomorphic to Lq, then T' n T = 
or T' C T. By Lemma 13.61 H is isomorphic to Rq or a graph in Ct for 
some nonegative integer t. Note that if H is isomorphic to a graph 
in Ct, then H is an induced subgraph of G, otherwise, the subgraph 
G[V(H)] of G induced by V(H) is isomorphic to a graph in C' and 
G[V(H)} - S = H is in C t . 

If H is isomorphic to Rq and H is an induced subgraph of G, or H 
is in Ct such that Nq(H) is not an independent set, or deg G (v) = 2 
for some v G V{H), then we can obtain a proper {G — 5)-rainbow- 
free 3-coloring of G by extending the proper (G' — S'')-rainbow-free 
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3-coloring of G — V(H) obtained from applying induction to the graph 
G' = G - V{H) and the set S' = S D E(G - V(H)), by Lemmas EH] 
and 13.71 Similarly, if H is isomorphic to Rq but H not an induced 
subgraph of G, then \Nq(H)\ < 1, and it is easy to extend the coloring 
obtained from applying induction on G — V(H) and S n E(G — V(H)) 
to be a proper (G — S')-rainbow-free 3-coloring. So we may assume 
that H is in C t , Ng{H) is an independent set, and deg G (u) = 3 for 
every v E V(H). 

Assume that \Nq(H)\ < 3, then some vertex x in Ng{H) has 
degree at most one in G — V(H). Let y be a vertex in Ng(H) — {x}, 
and let G" = (G - V(H)) + xy and S" = (S n E{G - V{H))) U {xy}. 
So G" is iQ-free, and no subgraph H' of G" isomorphic to a graph 
in C' satisfies that H' — S" is in Ct for some t > 0. Let / be the 
proper (G" — S"')-rainbow-free 3-coloring of G" obtained from applying 
induction to G" and S" . Since /(cc) ^ f(y), we can extend / to a 
proper (G — S^-rainbow-free 3-coloring of G by Lemma 13.71 Hence, 
we assume that \Ng(H)\ = 4. 

It is clear that unless all vertices in Nq(H) are in a subgraph of G— 

(r) 

H isomorphic to Lr^ for some odd number r, there is a pair of vertices 
u, v in Ng(H) such that G — V(i7) + uv, denoted by G'" , is a i^-free 
subcubic graph and the edge set (S n 2£(G — V(i?))) U {uv}, denoted 
by S'", has the property that G'" - S'" is {K 3 , : 1 < i < 7} U 
free and no subgraph ff' of G w isomorphic to a graph in £' satisfies 
that H' — S'" is in Ct for some t > 0, and we are done by extending 
the proper (G w — 5"")-rainbow-free 3-coloring obtained from applying 
induction to G'" and S'" in this case. Therefore, we assume that all 
vertices in Nq(H) are in a subgraph J of G — H isomorphic to for 
some odd number r. Note that there is a 4-cycle G such that J — C is 

(r— 1) 

isomorphic to L 2 or Lq, and let a, c be the two diagonal vertices in 
G such that a, c G Ng{H). Apply induction to (G — iT— ( J — G)) + ac, 
denoted by G"" ', and (5 n £(G - H - {J - G))) U {ac}, denoted by 
S"'", to obtain a proper (G"" — S"'")-rainbow-free 3-coloring of G"" , 
and then we can obtain a proper (G — 5)-rainbow-free 3-coloring of G 
by first extending it to G — -ff , and then extending it to G. Since some 
vertex in J — C has degree 2 in G — H, and a and c receive different 
colors, the above two procedures of extending colorings is allowed by 
Lemma 13.71 ■ 

Now, we are ready to prove Lemma 12.51 

Proof of Lemma 12.51 Given any proper 3-coloring /, we define 
N(f) to be the number of vertices of degree three for which each of 
its three neighbors have the same color. Since G is a fractionally t- 
critical triangle-free subcubic graph with t > 8/3, G is {K%,Ri : 1 < 
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i < 7} U £'-free by Lemma 13.31 and Lemma 13.51 Applying Lemma 13.91 
by choosing 5 = 0, there exists a proper G-rainbow-free 3-coloring of 
G. Let / be a proper G-rainbow-free 3-coloring of G with N(f) as 
small as possible. We shall show that / is a good 3-coloring, and it is 
sufficient to show that every two color classes induce a good graph. 
Claim 1: For every 1 < i < j < 3, Gij satisfies (Gl). 
Proof of Claim 1: Suppose to the contrary, and assume that (^2,3 
does not satisfy (Gl). Then there is a vertex x such that f(x) = 2, 
f(z) = 3 and deg G23 (z) = 3 for all z G Ng 23 [x]. However, replacing 
f(x) by 1 reduces N(f), and the coloring is still proper G-rainbow-free, 
a contradiction. □ 

Claim 2: For every 1 < i < j < 3, Gjj satisfies (Gl). 
Proof of Claim 2: Suppose to the contrary, and assume that G2,3 
does not satisfy (G2). Then let x, y be two adjacent vertices such 
that deg Ga3 (x) = deg G23 (y) = 3 and deg Ga3 (z) > 2 for all z G 
iV G23 (x) U NG 23 (y), and f(x) = 2. Let xi, £2 be the two neighbors 
of x other than y, and yi, y 2 be the two neighbors of y other than 
x. Let Xij and yij be the neighbors of xi and yi other than x and y, 
repsectively, for i = 1, 2 and j = 1,2. Let f x (and f y , respectively) 
be the coloring that is obtained from / by changing f(x) (and f(y), 
respectively) to 1. Notice that f x and f y are proper 3-colorings with 
N(f x ), N(f y ) < N(f) by the degree condition of neighbors of x and y, 
so there exists a rainbow Lq with respect to f x and f y . Furthermore, 
the rainbow Lq with respect to f x (or f y , respectively) contains x (or 
y, respectively). 

First, we assume that xi 5 i = a?2,l- Then without loss of generality, 
we may assume that the rainbow Lq with respect to f x is formed by 
(y, x, xi, xi t 2, yi, y-zj- However, no /^-rainbow Lq exists in this case. 
Hence JVc? 2i3 [a;i] n N G2 . A [x 2 ) = {x} and iV G2>3 [yi] n N G . 2 . A [y 2 } = {y} by 
symmetry. 

Second, we assume that y\ = x^x and y 2 = a?2,l • By the minimal- 
ity of N(f) and the triangle-freeness, (^2, a?t, x, x^-i, xs-i t i, xz-1,2) 
forms a rainbow Lq with respect to f x for some i = 1,2. Then 
it is easy to check that there is no rainbow Lq with respect to f y . 
Similarly, if y% = xi t i, y 2 = x\ )2 , then either G has a cut-edge or 
N(f) > N(f x ) and there is no /^-rainbow Lq, a contradiction. Hence, 
\{xi,i,xi, 2 ,x 2)1 ,x 2 , 2 } D {yi,y 2 }\ < 1 by symmetry. 

Third, we assume that \{xi ; i, x± :2 , x 2: i, x 2)2 } n {yi,y 2 }\ = 1, say 
x 2,i = V2 and 2/2,1 = x 2 . By symmetry, any /^-rainbow Lq is formed by 

(xi i2 ,Xl,X,X2,X2,l,X2,2), (x X , X, X 2 , X 2>2 , Xl,! , Xl )2 ) Or (xi j2 , Xl , X, ?/, 7/1 , 

2/2) by the triangle-freeness. If (xi j2 , xi, x, x 2 , X2,i, ^2,2) forms a / x - 
rainbow Lo, then no /^-rainbow Lq exists. If (xi, x, x 2 , x 2 , 2; ^1,1, ^1,2) 
forms a rainbow Lq with respect to f x , then xi 5 2 7^ yi by the 
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freeness of G, and the unique rainbow Lo with respect to f y is formed 
by (1/2,2, 2/2, V, 2/1, 2/1,1, 2/1,2), where 2/2,2 is the neighbor of 2/2 other than 
x 2 and 2/- Let f yi , y2 , y22 be the 3-coloring obtained from / by chang- 
ing (/(2/1), /(2/2), / (2/2,2)) = (1,1,2). Then f yi , y2 , y2 . 2 is a proper 3- 
coloring with N(f yijy2:y22 ) < N(f) without any rainbow Lo's. If 
(xi t2 ,x±,x,y,yi,y 2 ) forms a /^-rainbow Lo, then no /^-rainbow Lq 
exists. Consequently, {xij : i = 1,2, j = 1,2} is disjoint from {2/1,2/2}- 
Again by symmetry, we may assume that any /^-rainbow Lo is 
formed by (x 1>2 , xi, x, x 2 , x 2 ,i, x 2 ,2) or (x 1>2 , xi, x, y, 2/1, y 2 )- For the 
latter case, no /^-rainbow Lq exists. So (#1,2, x\, x, X2, #2,1, #2,2) forms 
a /^-rainbow Lo, then we may assume that the /^-rainbow Lo is 
formed by (2/1,2, 2/1, 2/, 2/2, 2/2,1, 2/2,2) by symmetry. Let f yi ,y 2 ,y 1>2 be 
the 3-coloring obtained from / by changing (/(2/1), f{y 2 ), /(j/1.2)) to 
(1,1,2). Then f yi , y2 , m 2 is a proper 3-coloring of G with N(f yuy2 , yi 2 ) < 
N(f), but no f yi , y2 , yit2 -rainbow L exists. So N(f yuy2iyi2 ) = N(f) 
and /(yi,i,i) = /d/1,1,2) = 1, where 2/1,1,1 and 2/1,1,2 are the two 
neighbors of 2/1,1 other than 2/1 • In other words, deg G23 (?/i) = 2 
and deg G2 3 (2/i,i) = 1. Similarly, we can define f xi ,x 2 ,x l , 2 by changing 
(f(xi), f(x 2 ), f(xi >2 )) to (1, 1, 3), and then we obtain that deg Ga 3 (xi) = 
2 and deg Ga 3 (x± t i) = 3. So G 2 ,3 satisfies (G2), a contradiction. □ 
Claim 3: For every 1 < % < j < 3, Gjj satisfies (G3). 
Proof of Claim 3: Suppose to the contrary, and assume that ^2,3 
does not satisfy (G3). Let x,y,z G V(G 2 ^), x\ G Ng 23 {x) \ {y}, 
y' e N G23 (y) \ {x,z}, y[ G N Gui (y') - {y}, z x G N G2[i (z)\{y} such 
that xyz is a path in G 2 ,3, de gG 2 , 3 ( x ) = de Sc 2 - A (.y) = de ^G 2 , 3 ( z ) = 3 > 
de gG 2 , 3 (xi) = deg Ga 3(21) = 1, deg G2 3 (2/') = 2 , and deg G2 3 (yi) > 2, 
and f{y) = 2. Let r y be the 3-coloring obtained from / by changing 
f(y) to 1. Since N(r y ) < N(f), there is a rainbow Lo with respect 
to r y . Without loss of generality, we may assume that the r^-rainbow 
L is formed by (z, y, y', z ltl , zi, z 2 ), where N G23 (z) = {z 1 ,z 2 ,y} and 
N G (zi) = {z, zi i, z\ )2 \. Let r ZtV ' tZl 1 be the 3-coloring obtained from / 
by changing (f(z), f(y'), /(zi,i)) to (1, 1, 3). We derive a contradiction 
since no r Z:y ' jZl ^rainbow Lo exists and iV(r 2 y i2l J < N(f). □ 
Claim 4: For every 1 < i < j < 3, Gij satisfies (G4). 
Proof of Claim 4: Suppose to the contrary, and assume that ^2,3 
does not satisfy (G4). Let x,y,z G V{G 2 ^) such that xyz is a path 
in G 2 , 3 , deg G23 (x) = deg G23 (y) = deg G23 (z) = 3, deg G23 (zi) > 
2, and deg G23 (z 2 ) > 2, where N G (z) = {zi,z 2 ,y}, and f(z) = 2, 
but none of z±, z 2 is a support vertex of degree two in ^2,3. Let 
p z be the 3-coloring obtained from / by changing f{z) to 1. Since 
deg G23 (2;i) > 2 and deg G23 (z 2 ) > 2, we have that N(p z ) < N(f), so 
there is a rainbow Lo with respect to p z . Without loss of generality, we 
may assume that the rainbow Lq is formed by (z±, z, z 2 , 2:2,1, zi,i, £1,2), 
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where JVg 2j3 (zi) = {2,21,1,21,2} and N G2A (z 2 ) = {2, z 2 ,i, 22,2}- Notice 
that it implies that deg G2s (zi) = 3 and deg G2 3 (z 2 ) = 2. Let p Zl ,z 2 ,z 2 ,i 
be the 3-coloring obtained from / by changing (/(21), /(z 2 ), /(2 2 ,i)) 
to (1, 1,3). Since there is no rainbow Lq with respect to p Zl ,z 2 ,z 2 ,i, we 
have N(p Zlt Z2 ,z 2A ) = N(f), and this implies that deg Ga 3 (22,2) = 1- 
That is, z 2 is a suppoer vertex of degree two in G2,3, a contradiction. 
□ 

Together with Claims 1 thorugh 4, / is a good 3-coloring. This 
completes the proof of Lemma 12.51 □ 

4 Avoiding coloring 

The purpose of this section is to obtain lemmas that will be used 
in Section 5. 

Recall that / : V(G) — > 2^ is an F-avoiding coloring of a graph 
G if f(v) is disjoint from F(v) U f(u) for every two adjacent vertices 
u and v, where F : V(G) -»• 2^. 

Lemma 4.1 Lei < r\ < 2 and < r 2 k+i < 2, P an odd path 
viV2-.-V2k+i, where k > 1, and F : V(P) — >■ 2t 14 l a function with 
\F(vj)\ < 3 + Tj for j = 1, 2k + 1 and |F(u;)| = 2 for all 2 < i < 2k, 
and \F(vi)nF(v2)\ < r\, \F(v2k)f^F(v2k+i)\ < ^2fe+i- 27ien i/iere is an 
F-avoiding coloring f of P such that \f(vj)\ = 6 /or every 2 < j < 2k, 
and \f{vj)\ = 8-rj for j = 1, 2k + 1. 

Proof. We shall prove this lemma by doing induction on fc. Note 
that we may assume that \F(vj)\ = 3 + r j for j = 1, 2k + 1. Let 
Si be a subset of F(t>i) — F(t> 2 ) of size 3, and S^fc+i be a subset of 
F(v 2k+ i) ~ F(v 2k ) of size 3. When k = 1, define / : V(P) -> 2l 14 l 
by letting /(i> 2 ) = S\ U S 2 fc+i U S, where 5 is a subset of [14] — 
(Si U S^fc+i U F(-u 2 )) of size 6 — [Si U S 2 fc + i[, and letting /(ui) and 
/(^2fc+i) be a subset of [14] — (Ft U f{v2)) of size 8 — r\ and a subset 
of [14] — (-F 2 fc+i U f(v2k)) of size 8 — r2fc+i, respectively. Notice that 
I -Pi U f(v 2 )\ < 6 + ri and \F 2k+ i U f(v 2 k)\ < 6 + r 2k +i, so /(«i) and 
/(t>2fc+i) are well-defined. This proves the base case. 

Now, we assume that 2k + 1 > 5 and the lemma holds for all odd 
path of order at least three but less than 2k + 1. Define F' : {vi : 3 < 
i < 2k + 1} -> 2^ by F> 3 ) = F(«s) U Si and F>;) = F(^) for 
all 3 < % < 2k + 1. Hence, by the induction hypothesis, there is an 
F'-avoiding coloring /' of P — {v%, v 2 } such that \f'(v2 k +i)\ = 8 — r 2k +i 
and |/ 7 («i)| = 6 for all 3 < i < 2k + 1. Then define / : V(P) -)> 2^ 
by f(vi) = f'(vi) for all 3 < i < 2k + 1, /(i> 2 ) = Si U T 2 , where T 2 is a 
subset of [14] — (F(v 2 ) U f'(vs) U Si) of size 3, and /(i>i) be a subset 
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of [14] — (Fi U f(v 2 )) of size 8 — r\. Notice that / is an F-avoiding 
coloring of P, so this proves the lemma. ■ 



Lemma 4.2 Let P be an even path v\v 2 ...v 2k , where k > 1, and F : 
V(P) 2l 14 l a function with \F( Vj )\ < 4 for j = 1, 2k and \F(vi)\ = 2 
for all 2 < i < 2k — 1. Then there is an F -avoiding coloring f of P 
such that \ f(vj) \ = 8 — deg P (vj) for 1 < j < 2k if one of the following 
holds: 

1. k = 1 and F( Vl ) n F(v 2 ) = 0; 

2. k = 2, F( Vl )nF(v 2 ) = 0, F(v 3 )nF(v 4 ) = 0, and \F( Vl )r)F(v 4 )\< 
2; 

3. k>3, F{v 2i+4 ) C FCum+i) /orO < i < k-3, F(v 2k _ 3 ) C F(n 2fc ), 
(F(vi) - F(v 4 )) n (F(«2 fc ) - F(n 2fc _ 3 )) = 0, F{ Vl ) n F(«2) = 0, 
F(v 2j -i)nF(v 2j ) = %}or2 <j < k-1, and F(v 2 k-i)nF(v 2 k) = 

0; 

I k>3, F( Vl ) n F(v 2 ) = 0, F( Vl ) n F(v 4 ) = 0, F(v 3 ) n F(u 4 ) = 0, 
and F(i) 2 n)n%) = 0; 

5. ft: > 3, F{v 2i+4 ) C F(«2i + i) /or < i < ft; -3, nF(n 2 ) = 0, 
/K-i) n /(U2J-) = for 2 < j < k - 2, F{v 2k . 3 ) n F{v 2k ) = 0, 
andF{v 2k ^)r\F{v 2k ) = %; 

6. k > 4, F(vi)nF(v 2 ) = 0, and there exists < s < k — 4 suc/i i/iai 
F(« 2i+4 ) C F{v 2i+l ) forO<i<s, F{v 2i+3 ) n F(n 2i+4 ) = /or 
< i < FK +3 )nFK +6 ) = 0, F(t> 2s+5 )nF(t; 2s+6 ) = 0, 
(F(vi) - F(u 4 )) n F(v 2s+6 ) = 0, and F(v 2fc _i) D F(n 2fc ) = 0; 

7. ft; > 2, \F{ Vl )\ = 2, \F( Vl )DF(v 2 )\ < 1, andF^OnF^) = 

0; 

5. ft; > 3, F(v 3 )UF(v 4 ) C F(m)nF(n 2 ) = 0, and F(n 2fc _!)n 

^(t^k) = 0; 

5. ft; = 4, F( Vl ) = F{v 4 ) U F(u 6 ), F( Vl ) n F(n 2 ) = 0, (F(n 5 ) U 

f(«t)) n F(« 8 ) = 0; 

10. k > 5, F( Vl ) = F{v 4 ) U F(v 6 ), and F( Vl ) n F(v 2 ) = (F(v 3 ) U 
F(v 5 ) U F(«t)) n F(v 8 ) = Ffak-i) n F(w 2fc ) = 0; ' 

11. k > 4, F(v 4 ) = F(v 4 ) U F(n 6 ), and there exists < t < k - 4 
sucft tfia* F(v 2i+5 ) C F(n 2i+8 ) for < i < t, F( Vl ) n F(n 2 ) = 

i ? (v 5 )n/(y 6 ) = F(v2 fc _i)nF(t; 2fc ) = 0, F(« 2j+7 )nF(^ +8 ) = 

/or < j < t — 1, and one of the following holds: 

(a) t = k - 4, and F(v 3 ) D (F(v 2k ) - F(v 2k _ 3 )) = 0. 

(b) k > 5, t = k - 5, F(v 2k „ 3 ) n F(v 2k ) = 0. 

(c) k > 6, t < k - 6, and (F(v 3 ) U F{v 2t+7 ) U F(v 2t+9 )) n 

^(«2t+10) = 0- 
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12. k>2, \F(vi)\ < 4-2deg P (vi) for some \<i<2k,i^ 2,2k-l, 
and F(yi) n F(v 2 ) = F(v 2k -i) n F(v 2k ) = 0. 

Proof. 

1. Statement 1 is clear by observating that there is a partition XUY 
of [14] such that \X\ = \Y\ = 7, XnF( Vl ) = 0, andFnF^) = 0. 

2. We may assume that |F(ui)| = |F(u 4 )| = 4. Since \F(vi) n 
i^(w4)|< 2, there are two disjoint sets X and Y with sizes 3, 
where X C F(«i) and F C F(v 4 ). Pick a subset F' of [14] - 
(X UY U F(v 3 )) with size 3, and then assign f(v 3 ) = Y U Y' . 
Define f(v 2 ) to be a subset of [14] — (f(v 3 )UF(v 2 )) containing X 
with size 6. Finally, pick a subset W of [14] — (f(v 2 )L)F(vi)) with 
size 7. Notice that | [14] - (f(v 2 )UF(vi))\ > 7 since f(v 2 ) nF(v{) 
contains X which has size 3. Similarly, there is a subset Z of 
[14] — (f(v 3 ) U F(v4)) with size 7. Then assigning f(v±) = W 
and /(i> 4 ) = Z gives a desired F-avoiding coloring. 

3. We shall do induction on k. Without loss of generality, we can 
assume that F(v\) has size four. Let S be a subset of F(v\) 
containing F(vi) — F(v±) with size 3. Define F' : {vi : 3 < 
% < 2k} -> 2t 14 ] by letting F'(y 3 ) = F(v 3 ) U (F(vi) - F(v 4 )), and 
F'ivj) = F{vi) for alH > 3. Then there is an F'-avoiding coloring 
/' of the subpath v 3 V4 : ...v 2 k by statement 2 (when k = 3) and by 
the induction hypothesis (when A; > 3). Define f(vi) = f'(vi) for 
i > 4, and define /(i^) to be a subset of f'(v 3 ) — S with size 6, 
7(^2) to be a subset of [14] — {F(v 2 ) U f{v 3 )) containing S with 
size 6, and f(v%) to be a subset of [14] — (f(v 2 )L)F(vi)) with size 
7. Note that \ f(v 3 ) (lS\<l,so f is well-defined. 

4. We may assume that |F(ui)| = |F(u 2 fc)| = 4. Let S be a subset 
of [14] - (Jf(ui) U F(u 3 ) U F(t> 4 )) of size 3. Define F' : : 4 < 
i < 2A:} -> 2l 14 ] by F'(u 4 ) = F(w 4 ) U S", and F'(^) = F(v t ) for 
all i > A. By Lemma I4.1| there is an F'-avoiding coloring /' 
with |/'(u2fc)| = 7 and \f'(vi)\ = 6 for all 4 < i < 2k. Pick a 
subset 5" of [14]-(/ / (u 4 )UF(v 3 )UF(i; 4 )uS') with size 1. Assign 
f(v 3 ) = F{v 4 ) USUS' and = /'(uj) for alH < 4 < 2fe. Let 
T be a subset of [14] - (F(v 2 ) U /(u 3 )) with size 6 - \F( Vl ) - S'\, 
and then assign f(v 2 ) = (F(vi) — S') U T. Finally, assign f{v\) 
by any subset of [14] — {F(v\) U f(v 2 )) with size 7. It is clear 
that / is a desired F-avoiding coloring. 

5. We shall do indeuction on k. We may assume that |F(i?i)| = 4. 
Assume that k = 3. If F(v 3 ) = F{v A ), then define S = F(v 4 ) U 
{s}, where s E F(vi) — F(u 4 ), and S" = {s}; otherwise, let 
S = (F(ui)-F(« 4 ))U{s}, where s G F(u 4 ) such that |5DF(u 3 )| 
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is as large as possible, and let S' be a subset of (SUF(v 3 )) — F{vi) 
with size |5 U F(v 3 )\ — 2 such that |5' fl F(v%)\ is as large as 
possible. In fact, |5' n F(f3)| > I*?') — 1- Then there is a subset 
X of F(u 6 ) of size |F(u 6 )| - 1 such that In5' = i. Define 
an F-avoiding coloring / : V(G) — > 2^ by assigning /(U5) any 
subset of [14] — (F(vs) U 5') containing X with size 6, /(vq) any 
subset of [14] — (/(U5) U F(vq)) with size 7, /(tti) any subset of 
[14] — (F(v4) U f(vs)) containing 5' with size 6, /(U3) any subset 
of [14] - (F(v 3 ) U /(« 4 ) U 5) with size 6, /(u 2 ) any subset of 
[14] — (F(v2) U f(v 3 )) containing 5 with size 6, and f{v\) any 
subset of [14] — {F(yi) U /(U2)) with size 7. This prove the base 
case of the induction. 

When k > 3, let 5 2 be a subset of F(vi) — F{v2) with size 3 
such that |5 2 n F(*u 4 )| < 1. Define F' : : 3 < i < 2k} -> 2l 14 l 
by letting F'^) be a subset of (F^) U S2) — F(v 4 ) with size 
\F(v 3 ) U 52 1 - 1, and F'(vi) = Ffa) for i > 4. By induction, 
there is an F'-avoiding coloring /' of the subspath v 3 v^...V2k such 
that |/> 3 )| = |/> 2 fe)| = 7 and |/'( v< )l = 6 for 4 < i < 2k - 1. 
And define /(^i) = for i > 4, /(U3) to be a subset of 

f'( v 3) ~ S2 with size 6, and f(v 2 ) to be a superset of $2 disjoint 
from f(v 3 ) UF(v 2 ) with size 6, and f(vi) to be a subset of [14] — 
(f( v 2) U F(f 1)) with size 7. It is easy to check that / is desired. 

6. Induction on k. Assume that |F(t>)| = 6 — 2degc(f) for all v. 
When k = 4, s = 0, and let 55 be a superset of F(vq) disjoint 
from F(vi) U F(v 3 ) U F(vs) with size 5. By Lemma |4.H there 
is an F-avoiding coloring / of the subpath v§VT...V2k such that 
f(v 6 ) n 5 5 = and |/(^)| = 8 - degp(^) for 6 < i < 2k. 
Now, we extend / to V(G). First, define f{v^) be a superset of 
55 disjoint from F{v§) U f(ve) with size 6. If F(v 3 ) 7^ F(v 4 ), 
then let 52 be a subset of F(y±) — F(u 2 ) with size 3 such that 
|(5 2 UF(w3))nF(w4)| < 1, and let 5 4 be a subset of 5 2 UF(v 3 )- 
(F(t> 4 ) U /(v B )) with size |5 2 U F(u 3 )| - 2. If F(v 3 ) = F(v 4 ), 
then let 5 2 be a subset of F(vi) — F{v 2 ) containing F(v 4 ) with 
size 3 such that (52 — F(u 4 )) (~l /(fs) = 0, and let 5 4 be a subset 
of 5 2 — /(U5) with size 1. Define f(v±) to be a superset of 5 4 
disjoint from F(i> 4 ) U /(i>5) with size 6, /(U3) to be a subset of 
[14] — (/(v 4 ) U F(w3)) with size 6, /(t> 2 ) to be a superset of 5 2 
disjoint from F(v 2 ) U /(U3) with size 6, and f{v\) to be a subset 
of [14] — {F{v\) U f(v2)) with size 7. This proves the base case. 
Now assume that the statement holds for every smaller k > 4. 
Let 5 be a subset of F(vi) — F(v2) containing F(vx) — F(u 4 ) with 
size 3. Define F' : {vj : 3 < i < 2k} -)■ 2t 14 l by letting F'(u 3 ) 
be (F(u 1) — F(w4)) U F(u 3 ), and F'(v) = F(v) for every other v. 
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By induction, there is an F'-avoiding coloring /' of the subpath 
V3V4...V2k- Extend /' to / by defining = f'(vi) for i > 4, 

fiys) to be a subset of /'(u 3 ) — 5 with size 6, and ffa) to be a 
superset of 5 disjoint from F{v2) U f{v$) with size 6, and f(v\) 
to be a subset of [14] — F{y\) — f(v2) with size 7. 

7. Induction on k. The case that k = 2 is easy. When > 3, let 
5 be a subset of F(v\) — F{v2) with size 1. Define F' : {vj : 
3 < i < 2k} -> 2l 14 l by letting F'(u 3 ) be a subset of 5 U F(v 3 ) 
with size |5 U F(u 3 )| - 1 such that \F'(v 3 ) n F(u 4 )| < 1, and 
define F'(uj) = F{vi) for i > 4. By induction, there is an F'- 
avoiding coloring /' of the subpath. Extend /' to / by defining 
f(vi) = f(vi) for 4 < i < 2k, f(v 3 ) to be a subset of /> 3 ) - 5 
with size 6, f(v2) to be a superset of 5 disjoint from F(v2)nf(vs) 
with size 6, and define f(v±) to be a subset of [14] — (/(v2)Ui ? (t>i)) 
with size 7. 

8. Let S be a subset of F(vi) — F(v2) containing F(vs) with size 
3. Define F' : {vi : 3 < i < 2k} -)■ 2l 14 l by letting F'(u 3 ) be 
a subset of 5 with size 2 such that l-F'^) fl F(y4,)\ < 1, and 
define F'{vi) = F{vi) for i > 4. By statement 7, there is an 
.F'-avoiding coloring /' of the subpath. And it is easy to use the 
same argument as in the proof of statement 7 to extend /' to an 
F'-avoiding coloring / of P. 

9. Let S2 be a subset of F{v\) — F{v2) containing F(vq) with size 
|F(ux)| — 1 5 5*4 be a subset of (52 U F(u 3 )) — F{v±) with size 
1 52 U F(vs)\ — 2, 56 be s subset of (S4 U F(u5)) — F(vq) with size 
[54 U F(f5)| — 2 such that [56 fl F(vs)\ is as large as possible. It 
is not hard to see that |5g n F(vs)\ < 1, so there is a subset 57 
of F(v$) — (F(vj) U Sq) with size |F(fs)| — 1- Therefore, we can 
define a desired F-avoiding coloring / of P by defining fivj) to 
be a superset of 57, and then defining f(v$) to be a subset of 
[14] — (F(^g) U f(vj)) with size 7, and f(vj) from j = 6 down to 
1 to be a set such that f(vj) is disjoint from F(vj) L) f(vj + i) and 
contains Sj whenever Sj is defined. 

10. We may assume that F(u 3 ) 7^ F(w4) by statement 8. Let 57 be 
a subset of [14] — (F(i? 3 ) U F(u5) U F{vj)) containing F(vs) with 
size 5 such that [57 n F(u 4 )| is as small as possible. By Lemma 
14. 1|. there is an F-avoiding coloring /' of the subpath v$vg...V2k 
such that \f(vi)\ = 6 for 8 < i < 2k- 1 and \f'(v 2k )\ = 7. Define 
f(vi) = f'(vi) for 8 < i < 2k, and f(vj) to be a superset of 57 
with size 6 disjoint from F{vj) U f(v%). Let S$ be the subset 
of f(v 7 ) U F(v 6 ) - F(v 5 ) with size \f(v 7 ) U F(v 6 ) \ - 2 such that 
|5 5 n F(u 6 )| < 1, and 5 3 be the subset of 5 5 U F(u 4 ) - F(v 3 ) 
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with size |5 5 UF(u 4 )| -2 such that \S 3 nF(vi) \ = |S 3 n (F(v 4 ) U 
F(« 6 ))| < 1. Define /(u 2 ) to be a subset of [14] - (F(v 2 ) U S3) 
with size 6 such that |/(i>2) H jP(vi)| > |F(ui)| — 1. And then 
define f{v\) to be a subset of [14] — (F(v\) U f{v^f) with size 7, 
and define/ (vj) from j = 3 through 6 such that f(vj) is disjoint 
from F(vj) U f(vj-i) and contains Sj whenever Sj is defined. 

11. Define S2 to be a subset of F(vi) with size |.F(ui)| — 1 such 
that 15*2 n F(vs)\ is as large as possible, and define £4 to be a 
subset of (S^UF^)) — F(u 4 ) with size IS^UF^)] — 2 such that 
|S 4 n F(v3)\ is as large as possible. Note that |S 4 n F(«6)| < 1. 
Define F' : {vi : 5 < % < 2k} -)■ 2l 14 l by letting F'(u 5 ) be a 
subset of (S 4 U F(v 5 )) - F(u 6 ) with size |S 4 U F(« 5 )| - 1, and 
F'(vi) = F(vi) for 6 < i < 2k. By statements 2, 3, 5, and 6, 
there is an F'-avoiding coloring /' of the subpath v^v%...V2k such 
that |/> 5 )| = |/> 2 fc)l = 7 and \f'( Vi )\ = 6 for 6 < % < 2k - 1. 
Define an F-avoiding coloring / of P by letting f'(vi) = f{vi) 
for 6 < i < 2k, and assigning f(vs) a subset of /'(vs) — 5*4 with 
size 6, and from j = 4 down to 1, define /(wj) to be a subset of 
[14] — (F(vj) U f(vj+i)) containing Sj (if Sj- is defined) with size 
6 (size 7 when j = 1). It is clear that / is a desired F- avoiding 
coloring of P. 

12. Without loss of generality, we may assume that i is odd, so i < 
2k — 3. Define £2 to be a subset of F(vi) — F{y 2 ) with size 
|F(t>i)| — 1, and define S2j to be a subset of (S2.J-2 UF(u2j_i)) — 
F(v2j) with size | £2.7-2 U F(u2j-i)| — 2 for 2 < j < fc — 1. Since 
% < 2k — 3, |5 , 2fc-2| < 1- Define /(i>2fc-i) to be a subset of [14] — 
(S 2 k-2 U F(t> 2fc _i)) with size 6 such that \f(v 2 k-i) n F(u 2 fc)| > 
|F(w 2 jt)| — 1, and then we define f(vi) for i ^ 2k — 1 containing 
Si (if Sj is defined) to make / a desired F-avoiding coloring. 

This completes the proof. ■ 

Recall that for every even numbers a, b > 4, H a ^ is the graph 
obtained from two disjoint paths P a and Pi, by adding an edge incident 
with one support vertex in P a and one support vertex in Pb- 

Lemma 4.3 Let a,b > 4 be two even numbers. Let V{H a i) = {v{,Uj : 
1 < i < a, 1 < j < b} and E{H a ^) = {viVi+x,UjUj+i,V2U2 '■ 1 < i < 
a - 1,1 < j < b - 1}. ,4nd Zei F : F(iT a ,&) ->■ 2l 14 l tfliifc |F(v)| < 
Q — 2deg Hi .(v) for every vertex v in Hi j. IfF(uf,-i) flf^j) = 0, and 
any condition in Lemma \4-^\ holds for the path v\V2...v a or the path 
v^v^.-.v'a, where v[ = w a +i_j. then there is an F -avoiding coloring f 
such that \f(v)\ = 8 - deg Hab (v) - l{ U2 }(v). 
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Proof. We may assume that F(u\) ^ 0. Let S2 be a subset of F(ui) 
with size 1. Apply Lemma 14.21 there is an F-avoiding coloring /' for 
the path v\V2---v a such that |/'(«2)| = 6 and \f'(vi)\ = 8 — deg^ a (vi) 
for every i ^ 2. Define ffa) to be a subset of f'( v 2) — #2 with 
size 5, and = f'(vi) for every other i. Let S3 be a subset of 

f{ v 2) — (S2U-F(u3)) with size 1. For every j with 4 < j < b—2, define Sj 
to beasubset of (Sj-2^F(uj-i))—F(uj) with size \Sj-2UF(uj-i)\— 2. 
Define f(ub-i) to be a superset of (S&_3 U i r (u(,_2) U F(vb)) — (Sb-2 U 
^(ub-i)) with size at 6 such that |/(ub_i)n(Sb_3UF(ub_ 2 ))| > [S^U 
F(u 6 _ 2 )| - 2 and |/(u 6 _i) n F(u 6 )| > \F(v b )\ - 1. Then, for j = 6 - 2 
down to 3 it is easy to define f(uj) to be a superset of Sj disjoint 
from F(uj) U f(uj + i) U Sj_i such that |/(%)| = 6, and define 
to be a subset of [14] — F(vb) — /(vft-l) with size 7. Define /(U2) 
to be a subset of [14] — (/(V2) U f(us)) containing S2 with size 4. 
Note that such set exists since f{v2) H /(ti 3 ) 7^ 0, which implies that 
|/(«2)U/(u 3 )| < 10. Finally, define f(u{) to be a subset of [14] -f(u 2 ) 
with size 7. So it is clear that / is an F-avoiding coloring such that 
|/(v)| = 8 - deg Ha b (v) - l{ U2 }{v) for every vertex v. m 

A kernel of a digraph D is an independent set K of D such that 
Np(u) n if 7^ for every vertex u ^ K. Richardson [12] proved that 
every diagraph having no odd directed cycle has a nonempty kernel. 
Now we generalize a theorem given by Gutner and Tarsi [5] as follows. 

Lemma 4.4 Let D = (V,E) be a digraph, and let rp : V — >■ N U {0} 
be a function. For each v € V , let S(v) be a set of size at least 
td{v) + Yl U £N + (v) r D{u). If D contains no odd directed cycle, then 
there exist subsets C{v) C S(v) with size ru(v) for all v € V such that 
C(u) nC(v) = for every two adjacent verteces u,v of D. 

Proof. We shall do induction on |V| and X^eV r D{v)- When |V| = 1, 
the lemma is obviouly true no matter what ^2 V&V r£>{v) is. Assume 
that |V| > 1, and the lemma holds for all digraph D' without odd 
directed cycles with order less than D and any nonnegative integral 
function rjji defined on V(D'), and also holds for D' with order same 
as D but Y.veV{D') r D'{v) less than Y^vav t d{v)- 

We may assume that ro(y) > for every vertex v in D, otherwise, 
we can just remove v from D and apply induction. Pick an element 
c in S(v) for some vertex v, let H be the subdigraph of D induced 
by vertices u with c € S(n). H does not contain odd directed cycles 
as D does not, so there is a nonempty kernel K of H. Note that if 
S(v) = {c}, then r£>{v) = 1 and N^(v) = 0, so v € K. Define S'{u) = 
S(u) — {c} if c € S(n), and define S'(it) = S(u) if c S(u). Define 
r' D (v) = r D (v)-l if v G VDK, and r' D (v) = r D (v) if v G V-K. Note 
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that if v G VHK, then |S»| = \S(v)\-l > r D (v)+J2 ueN + (v) r D {u)- 

1 = r' D (v) + YlueN + (v) r r>( n )- Also, since every vertex not in K has 
an out-neighbor in K, \S'(v)\ > r' D {v) + ^2 u£N + ^ r' D (u) for vertex 
v not in K. Hence, by the induction hypothesis, there are subsets 
C'(v) of S'(v) for every vertex v of D' such that |C"(t>)| = r' D (v) and 
C'(u) n C'(v) = for every two adjacent vertices w and v. Now define 
C(v) = C'{v) U {c} if v G F n if, and C(v) = C"(v) if v G V - if. 
Then |C(v)| > rn(y) for every vertex u of L>, and C(u) n C(w) = for 
every two adjacent vertices u, u. This proves the lemma. ■ 

Recall that every fractionally t-critical triangle- free subcubic graph, 
where t > 8/3, has a proper 3-coloring of G such that every two color 
classes induce a good graph by Lemma 12.51 

Lemma 4.5 Let G be a good subcubic graph. If X is a connected 
subgraph of order at least two, then G — X is good. 

Proof. It is clear that G — X satisfies (Gl), (G2) and (G4) since 
G satisfies them. Furthermore, G — X satisfies (G3) since G satisfies 
(Gl), (G2) and (G4). ■ 

Given a matching M (not necessary induced) of G such that M 
does not saturate any support vertex, we call a function F : V(G) — > 
2' 14 ] obeys M if the following hold: 

1. < 6 — 2deg G (f) for every vertex v in G, 

2. F(v) is disjoint from F(u) for every leaf v in G and the neighbor 
u of V, 

3. \F(x) PI F(y)\ < 1 for every xy G M. 

We say that G is (M, I) -tractable if M is a matching of G saturating 
no support vertices, and I is an independent set of G such that every 
vertex in / has degree three, and for every F that obeys M, there exist 
two F-avoiding colorings f\ and fi : V(G) — > 2^ of G, where fi, fa 
might not be distinct, such that |/i(f)| + |/2(^)| = 16 — 2deg G (v) — 

2 • li(v). In this case, we say (fi, fe) is a F -avoiding pair of G with 
respect to I. Note that every path of odd order is (0, 0)-tractable by 
Lemma 14. 1[ 

Lemma 4.6 Let G be a connected subcubic graph which is not a path, 
and let u be a support vertex of degree two and Nq(u) = {v, w}, where 
v is a leaf and w is not a support vertex. Let G' = G — {u, v}. If G' 
is (M 1 , 1') -tractable for some matching M' of G' and independent set 
I' of G' , then G is (M, I') -tractable for some mathching M of G. 
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Proof. If w is a leaf in G' or uu is saturated by M' , then define x to 
be the support vertex adjacent to w in G' or the other end of the edge 
in M 1 incident with w. Note that the degree of x is at least two. If 
w is a leaf in G' and x has degree two, then x is not a support vertex 
in G since G is not a path. Define M = M' U {wx} if u> is a leaf in 
G" and deg G (x) = 2, and define M = M' for otherwise. So M is a 
matching that saturates no support vertices of G. 

Let F defined on V(G) obey M. Define S u to be a subset of F(v) 
with size — 1 such that \S U fl < 1 (we assume that F(x) 

is the empty set when x is not defined). Define F' : V{G') -»• 2l 14 l 
by letting F'{w) be a subset of 5 U — F(a;) with size \S U \ — 1, and 
F'(z) = F(z) for every vertex z in C other than w. So -F' obeys M', 
and there is an F'-avoiding pair (/{, fy) of G' with respect to I'. It is 
easy to define an F-avoiding pair (/i, /2) of G with respect to i 7 such 
that fi(w) is a subset of fl(w) — S u with size \f!(w)\ — 1 and fi(u) 
contains S u for i = 1, 2. ■ 

Given nonnegative integers a, /?, an {pt,j3)-star is the graph ob- 
tained from i£i ia+( g by subdividing j3 edges. A spider is a tree that 
has exactly one vertex, denoted by the central vertex, of degree at 
least three. 

Lemma 4.7 If G is a subcubic spider with the central vertex v, then 
G is (M, {v}) -tractable for some matching M . 

Proof. By Lemma 14. 6\ it suffices to show that every (a, /3)-star with 
central vertex v, where a + f3 = 3, is (0, {u})-tractable. Let F obey 
0. Let V(G) = {v^^y^y'j : 1 < i < a, 1 < j < /?} and E(G) = 
{vxi,vyj,yjy'j :l<i<a,l<j< /?}. We may assume that \F(x)\ = 
6 — 2deg G (a;) for every vertex x in G. If (a, (3) = (3,0), then let 
S v be a subset of [14] of size three such that S v intersects F(xi) for 
1 < i < 3. If (a, (3) = (2, 1), then let S yi be a subset of F(yi) with size 
three, be a subset of [14] — S yi of size two such that S v intersects 
F(x\) and F(x2). If (a, /3) = (1,2), then let S v be a subset of F(x\) 
with size one, and S y - a subset of F(yj) — S v with size 3 for j = 1, 2. 
If (a,/3) = (0,3), then let S yj be a subset of F(yj) with size 3 for 
j = 1,2,3. Then it is easy to define an F-avoiding coloring / such 
that for every vertex x, f(x) contains S x (if S x is defined) and f{x) 
has size 8— deg G (x) — lr^i (x) by first assigning f(v) and then assigning 
f(xi) and f(yj) for 1 < i < a and 1 < j < (3, and then assigning f(y'j) 
for 1 < j < f3. Hence, (/, /) is an F-avoiding pair of G with respect 
to {v}. m 

Lemma 4.8 Let G be a connected subcubic graph which is not a path 
or a spider. Assume that G has a cut-edge v^w such that G — v^w 
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contains a path P = v\V2---v\p\ as a component with \P\ = 3 or 4. Let 
G' = G — P. If G' is (M', I')-tractable for some matching M' of G' 
and independent set I' of G' , then G is (M,P U {^2}) -tractable for 
some matching M of G. 

Proof. When w is a leaf in G' or w is saturated by M', we denote 
x by the support vertex adjacent to w in G' or the other end of the 
edge in M' incident with w. Since G is not a path or a spider, and 
M' does not saturate any support vertex in G', we know that when x 
has degree two and w is a leaf in G' , x is not a leaf and not a support 
vertex in G. Define M = M' U {wx} if w is a leaf in G' and x has 
degree two, otherwise, define M = M' . So M is a matching that does 
not saturate any support vertex in G. 

Let F defined on G obey M, and let Y be the set of leaves adjacent 
to w. In the remaining of the proof, F(x) is the empty set when x is 
not defined. If \P\ = 4, then define S V2 to be a subset of F(vi) — F(x) 
with size — 3, and S V3 to be a subset of F(v±) — S V2 with size 

|-F(f4)| — 1; if \P\ = 3, then define S V2 to be a smallest subset of 
F(vi) U F(v 3 ) such that n F(yi)\ > \F( Vl ) \ - 3, \S V2 n F(v 3 )| > 
|F(w 3 )| - 3 and |(5„ 2 U F(w)) n (U^yi 7 ^) U < 1. Note that 

S 1 ^ exists since \\J yeY F (y) U < 7. 

Define i 7 ' on V(G') by assigning F'(z) = F{z) for z ^ w, and 
assinging F'(w) a subset of (5 U2 U F(w)) — (U^gy ^(y) u -^ ? ( a; )) w hh 
size |5t, 2 UF(w) | — 1. So F' obeys M', and hence there is an F'-avoiding 
pair (7(5/2) of G' with respect to And then it is easy to obtain an 
.F-avoiding pair (/i,/2) of G with respect to J' U {^2} by modifying 
f[ and / 2 . Note that w has degree two in G', so w ^ V and /' U {i^} 
is an independent set in G. ■ 

Lemma 4.9 Let t be a nonnegative integer, and let G be the graph 
obtained from a path uiU2U^UiViV2-.-V2tu^u%uju^ by attaching one leaf 
u[ on each vertex Ui for 3 < i < 6. Then G is (0, {113, uq}) -tractable. 

Proof. Let F obey the empty set, so F{u\) is disjoint from F(u2) and 
F(wj) is disjoint from F(u%). Define S UA to be a subset of ^(1*4) with 
size |F(u4)| — 2, and for each 1 < % < t, define S V2i to be a subset of 
(S'„ 2i _ 2 U F(v2i-i)) - F(v 2 i) with size \S V2i _ 2 U F(v 2 i-i)\ - 2, where v 
is U4. Furthermore, define S U3 to be a subset of F(u' 3 ) — S UA with size 
\F(u' 3 )\ — 3, S U2 to be a subset oi F(u\) — S U3 with size \F(u\)\ — 1, S U5 
to be a subset of F(u' 5 ) — S V2t with size \F(u' 5 )\ — 2, S U6 to be a subset of 
F(u'q) — S U5 with size |F(ug)| — 3, and S U7 to be a subset of F(ug) — S U6 
with size |-F(i;8)| — 1. Then it is easy to find an F- avoiding coloring 
/ of G by first assigning f{u§) a superset of S UB with size 5, and 
then assigning f(vj) a subset of [14] — (F(vj) U f(vj + i) U Sj-i U Sj+i) 
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containing Sj (let = for undefined where j — 1 < A; < j + 1) 
with size 8 — deg G (2i) — 1{« 3iU6 }(.z) from j = 2t down to —1, where 
V-i = U3 and V2t+i = u$, and then assigning f(z) by a superset of 5^ 
(if S z is defined) for other vertices z with size 8 — deg G (z) — 1{ U3iM6 }(z). 
Hence, (/, /) is an F-avoiding pair with respect to {113, uq}. m 

Lemma 4.10 Let G be a subcubic graph such that no support vertex 
has degree two. Let v 6 V(G) and Nq(v) = {v',u,w}, where v' is 
a leaf and u,w are of degree two. If G' = G — {v,v'} is (M 1 , In- 
tractable for some matching M' and independent set I' , then G is 
(M' U {uu' ,ww'}, I' U {v}) -tractable, where u' and w' is the neighbor 
of u and w other than v, respectively. 

Proof. Let M = M'u{zz' : (z,z') = (u,vf) or (w,w'),deg G (z') = 2}. 
Note that u and w are leaves in G' , so M' does not saturate u' and w' . 
And since no support vertex has degree two in G, M is a matching of 
G saturating no support vertices in G. 

Let F defined on V(G) obey M. Define S v to be a subset of 
[14] with size 4 such that S v intersects F(u), F(w) and F(y') with 
\(S V U F(u)) n F(u')\ < 1 and \(S V U F(w)) n F(w')\ < 1. Define F' 
on V(G') by assigning F'(u) a subset of (F(u) U S v ) — F(u') with size 
\F(u) U iSu| — 1, and assigning F'(w) a subset of (F(w) U S v ) — F(w') 
with size \F(w) U S v \ — 1, and define F\z) = F(z) for every other 
vertex z in G' . Hence F' obeys M', and there is an F'-avoiding pair 
(fiifz) °f G' with respect to I', and then it is easy to obtain an F- 
avoiding pair (/1, $2) of G with respect to I'U{v} such that fi(v) = S v 
by modifying fi, where i = 1,2. ■ 

Recall that the family % of graphs consists of ff aj ;, for all even 
integers a, b > 4. 

Lemma 4.11 Ze£ G be a good graph such that no component of G is 
a path or a graph in %. Then G is (M, I)-tractable for some matching 
M and independent set I. 

Proof. We shall prove this lemma by doing induction on |V(G)|. The 
base case follows from Lemma [4.71 Assume the lemma holds for every 
good proper subgraph of G containing no path or a graph in % as a 
component, but G is not (M, I)-tractable for any M and /. So G is 
connected and G is not a spider. The following claim is an immediate 
consequence of Lemmas 14.51 and 14.61 

Claim 1: If v is a support vertex of degree 2 adjacent to a nonsupport 
vertex, then G — {v, v'} is a graph in H, where v' is the leaf adjacent 
to v. 
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Claim 2: No support vertex of degree 2 is adjacent to a support 
vertex of degree 3. 

Proof Claim 2: Suppose that there is a support vetex of degree two 
adjacent to a support vertex of degree three. Then there is a cut-edge 
e in G such that one component C of G — e is a path of order 4. 
By Lemmas 14.51 14.11 and 14. 8\ G is (M, I)-tractable for some M and / 
unless G — C is a path of even order or a graph in %. If G — C is a 
path of even order, then G is either a spider or in % by Claim 1, a 
contradiction. And if G — C is a graph in T~L, then by Claim 1, either 
there is another cut-edge e' such that one component C of G — e' is a 
path of order four but G — C is not a graph in %, or G is the graph 
mentioned in Lemma [4.91 So no support vertex of degree two adjacent 
to a support vertex of degree three. □ 
Claim 3: No support vertex is of degree 2. 

Proof of Claim 3: Let v be a support vertex of degree 2, and let 
Ng(v) = {v',w}, where v' is a leaf. Since C is a not path, w is not a 
support vertex by Claim 2. Hence, every support vertex of degree 2 
is adjacent to a leaf and a nonsupport vertex. Together with Claim 1, 
there is no support vertex of degree 2. □ 

Similarly, by taking advantage of Lemmas 14.51 and 14.81 we have the 
following Claim. 

Claim 4: Every support vertex is adjacent to exactly one leaf. 

In addition, the following claim follows from the bipartiteness of 
G, Claim 3 and Lemma 14.101 

Claim 5: No support vertex is adjacent to two vertices of degree two. 
Consequently, every support vertex is of degree three and adjacent to 
exactly one leaf and at least one vertex of degree three. 

Let X be the subgraph of G induced by vertices of degree three. 
By (Gl), X has maximum degree at most two, so J is a disjoint union 
of paths and cycles. 

Claim 6: X is a disjoint union of paths. 

Proof of Claim 6: Suppose that some component of X is a cycle. 
Since G is connected, G is obtained from an even cycle by attaching 
leaves on every vertex of it by (G2) and (G3). We shall obtain a 
contradiction by showing that G is (0, 0)-tractable. Write V(G) = 
{vi,Ui : < i < 2k — 1} and E(G) = {viVi + \,ViUi : < i < 2k — 
1}, where the index is computed under modulo 2k, for some positive 
integer k. Let F obey the empty set. Give an orientation on the edges 
of the cycle vqv l.-.i^fc-i^o such that every vertex in the cycle has in- 
degree and out-degree one. By Lemma H3J for every < i < 2k — 1, we 
can pick a subset Si of F(ui) with size \F(ui) \ —2 such that S{ is disjoint 
from Si-i U Si+i. Again by Lemma 14.41 f° r every 1 < i < 2k, we can 
pick a subset Tj of [14] — U}=i-i &j with size 5 — \Si\. Then it is easy 
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to define an F-avoiding coloring f of G such that = 8 — deg G (z) 

for every vertex z in G and /(i>i) = Si U for every < i < 2 A; — 1. 
So (/, /) is an F-avoiding pair of G, and hence G is (0, 0)-tractable. 
□ 

The following claim is an immediate consequence of (G2), (G3), 
(G4) and Claim 5. 

Claim 7: If P be a component in X, then the following hold. 

1. If |V(P)| > 3, then every vertex in P is a support vertex in G. 

2. If |V(P)| = 2, then P contains a support vertex in G. 

3. If |V(P)| = 1, then the vertex in P is a nonsupport vertex of 
degree 3 in G. 

Let X\,X2, ■■■ be the components of X. If Xj is a path of order 
two, then let x\ G X{ be a support vertex in G. Let I be the subset 
of V(X) consisting of Xi, for each component X\ with |V(JQ)| = 2, 
and the ends of every other component of X. So I is an independent 
set on G, and every vertex in / has degree three in G. We shall show 
that G is (0, J)-tractable. Let G' be the graph obtained from G by 
deleting all leaves, so every support vertex in G has degree two in G' . 
Note that G' has minimum degree at least two by Claim 5. 
Claim 8: There exists an orientation 0\ of G' such that every vertex 
has in-degree and out-degree at least one, and if v G V(G') with 
deg G i(v) = 3 is a nonsupport vertex in G, and v adjacent to a support 
vertex in G, then v is a head of an edge whose tail is a nonsupport 
vertex in G, and v is a tail of an edge whose head is a nonsupport 
vertex in G. 

Proof of Claim 8: Let Y be the graph obtained from G' by deleting 
every edge that is incident with one support vertex in G and one 
nonsupport vertex in G of degree three. By Lemma 12.61 there is an 
orientation O of Y such that every vertex v has in-degree and out- 
degree at least |_degy(?;)/2j. Let J = {u G V(G') : u is a support 
vertex in G, Ny{y) contains a nonsupport vertex of degree three} is 
an independent set in G by (G4), so J is an independent set. Note 
that if u G J, then u is incident with an edge in E(G') — E(Y) by 
Claim 7. Define an orientation 0\ of G' by assigning the direction of 
each edge in E(G') D E(Y) the same direction as in O, and assigning 
each edge in E{G') — E(Y) a direction such that every vertex in J 
has the in-degree and the out-degree one. If u £ V(G') is a support 
vertex in G, then either degy(u) = 2 or u G J, so u has in-degree 
and out-degree one in 0\. If u G V(G') is a nonsupport vertex in G, 
then degy(n) > 2 by (G3), so u has in-degree and out-degree at least 
one in 0\. Furthermore, if v G V(G') is a nonsupport vertex with 
deg G /(f) = 3, and v is adjacent to a support vertex in G, then t> is an 
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end of some Xi with = 2, so the other two neighbors of v are 

of degree 2 in G. In other words, degy(u) = 2, and the two neighbors 
of v in y are nonsupport vertices by Claim 5. Therefore, v is a head 
of an edge whose tail is a nonsupport vertex in G, and v is a tail of 
an edge whose head is a nonsupport vertex in G. □ 

Let O2 be the orientation of G' obtained from 0\ by reversing the 
direction of each edge. Define D\ and D2 to be the digraph whose 
underlining graph is G' equipped with orientation 0\ and O2, respec- 
tively. 

Let F defined on V(G) obey the empty set, and we may assume 
that |i^(u)| = 6 — 2deg G (v). Since X is a union of paths, we can write 
V(G) = {vi : 1 < i < \V(G)\} such that every vertex in X has at 
most one neighbor with smaller index, and the index of every vertex 
in X is smaller than the index of any vertex not in X. Note that the 
ordering of V(G) is also an ordering of V(G'). Now, for i = 1 and 2, 
we consecutively define T{ : V{Di) — > N and Tj : {support vertices of 
G} —> 2l 14 l according to the above ordering of V(G') and the following 
rules: 

1. Assume that v is the vertex in some component X^ of X with 
|V(Xfc)| = 1. If degj.(u) = 1, then define t\{v) = 6; otherwise, 
define ri(v) = 2. 

2. Assume that |V(X)| > 2, and v is an end of a component of X, 
and v is in /. So v is a support vertex in G, and we let v' be 
the leaf adjacent to v. Define ri(v) = 3. If v is pointed by a 
vertex of degree 3, then define Ti(v) = 0; otherwise, v is pointed 
by a vertex of degree 2, and we define Ti(v) to be a subset of 
F(v') — Ti(u) with size 2, where u is the neighbor of v such that 
Ti{u) is defined (if any). 

3. Assume that |V(X)| > 2, and v is an end of a compoenent of X, 
but v is not in /. So v is an end of a component X^ of X with 

= 2. Assume that v is not a support vertex in G. If -u is 
pointed by a vertex of degree 3, then define r,i{v) = 6; otherwise, 
define rj(v) = 4. 

4. Assume that |V(X)| > 2, and v is an end of a compoenent of 
A, but v is not in /. Assume that v is a support vertex in G, 
and let v' be the leaf adjacent to v. If f is pointed by a vertex of 
degree 3, then define ri(v) = 3 and Ti(v) = 0; otherwise, define 
ri(v) = 2, and Ti(v) to be a superset of -F(V) with size 5 such 
that Ti(v) n F(w) / 0, where u is the neighbor of v of degree 2. 

5. Assume that |V(X)| > 2, and v is an internal vertex of a com- 
ponent of X. So f is a support vertex in G, and we let v' be the 
leaf adjacent to v. Define ri(v) = 3, and Ti(v) to be a subset of 
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F(y') — Ti(u) with size 2, where u is the neighbor of v such that 
Ti(u) is defined (if any). 

6. Define Ti{v) = 6 for every vertex v with deg G (v) = 2. 

It is clear that ri(v) + r 2 (v) + + \T 2 (v)\ = 16 — 2deg G {v) — 

2 • li(v) for every vertex v in G' (i.e. every non-leaf in G). Define 
U : V(Di) -> 2^ by letting L t («) = [14] - (f (r,) U \JueN g ,[ v ] Ti(u)) 
for every vertex v in G'. So I > riiy) + X]ue7V + r »( u ) f° r every 

vertex v in G'. By Lemma 14.41 there are F-avoiding colorings g± and 
g 2 of G' such that gi(v) C Lj(-u) and |gi(^)| > Tj(u) for i = 1,2, 
so |#i (u) I + |5 2 (f) I > n(v) + r 2 (v). Define = gi(v) U !;(?/) for 

i = 1,2 and v G V(G') (we let 2i(u) be the empty set if Ti(u) is not 
defined), so \fi(v)\ + \f 2 (v)\ > n(v) + r 2 (v) + ^(v)] + \T 2 (v)\ = 16 - 
2deg G (u) — 2-l/(f ) for u € V(G'). In addition, for every support vertex 
v adjacent to the leaf v' , \fi(v) — F(v')\ < r.j(w) + 1, and the equality 
holds only when r^u) = 2 and |Tj(v)| = 5. So — ^(^01 — 3 

for every support vertex v and the leaf v' adjacent to it, and hence 
we can define fi(v') to be a subset of [14] — (fi(v) U F(v')) such that 
\fi(v')\ =7. As a result, (/i,/ 2 ) is an F-avoiding pair of G with 
respect to /. This completes the proof. ■ 

5 Penetrations and cooperations 

In this section, we will prove Lemmas 12.21 12.31 and 12.41 and it 
completes the proof of lemmas in section 2. 

Proof of Lemma 12. 2\ Let G = v\v 2 ...Vk, where k is odd. If k = 1, 

then let B = (iV G (G),0). If k > 5, then let B = (Na(C), {u\u 2 , u^-iUk : 
Ui G N G (vi) n N G (C) for i = l,2,k- 1,/s}). Then (5,0) penetrates 
G by Lemma l4.1i Note that B is loopless since G is triangle- free. 

When k = 3, let Si and B2 be graphs such that V(-Bi) = ^(.82) = 
N G (C) and E(Bi) = { Xl x 2 : x* G W G («i) n N G (C), i = 1, 2}, E(B 2 ) = 
{x 2 xz : Xi G N G (vi) n N G (C),i = 2, 3}. Then it is easy to check that 
(#i,0) cooperates with (-B 2 ,0). □. 

Proof of Lemma 12. 3t First, we shall prove this lemma when G 
is a path of even order. Let G = v\v 2 ...v 2 k, and B\,B 2 be graphs 
with V{Bi) = V(B 2 ) = N G {C). Now we define E{Bi) and E{B 2 ). 
If deg G (vj) < 2 for some 1 < « < 2k and i / 2,2k — 1, then define 
= £(B 2 ) = : Uj G Na(vj) n iVc(G),j = l,2fc - 1}. 

Note that deg#. (u) < 2n G (v) for every vertex t> in B{. By statement 
12 of Lemma H21 both (-Bi,0) and (-B 2 ,0) penetrate G. So we may 
assume that deg G (?;j) = 3 for i ^ 2, 2k — 1. 
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Let N G (vi)-C = {ui,u[}, N G (v 2k )-C = {u 2k ,u' 2k } and N G (vi)- 
C = {ui} for 2 < i < 2k — 1. Note that u 2 and ii2jfc— l may not ex- 
ist, and we just ignore it when we mention it in the remaining of this 
proof if it does not exist. If k = 1, then define E(B\) = E(B 2 ) = {xy : 
x G N G (vi) n N G (C),y G N G (v 2 ) n N G (C)}. Ifk = 2 and iV G («i) n 
N G (v4) = 0, then define E{B{) = {uiu 2 ,u' 1 u 2 ,U3U4,U3u' 4 ,uiUi,uiu' 4 } 
and E{B 2 ) = {uiu 2 , u' t u 2 , U3U4, U3U4, U1U4, u^u^}. If fc = 2 and 2VGr(vi)n 
N G (v±) 7^ 0, then |-/Vg(/ui) n iVc^)! < 1 since there is no /-rainbow 
Lq, and we assume that u[ = w 4 and define E(B\) = E(B 2 ) = 
{^1^2, U1U2, U3U±, U1U4}. Then (.Bi,0) and (.B 2 ,0) are desired 
by statements 1 and 2 of Lemma 14.21 

Now we assume that k > 3. Let s = —00 if N G (v±) D N G (v±) = 0; 
otherwise, let s = max{i € Z : A^^j+i) nJVGf(«2j+4) 7^ 0, < j < i}. 
Note that either s = —00 or < s < k — 2. If s > 0, then let 
i*i G N G (v4). If s = k — 2, then let n 2 fc G N G (v 2 ks). 
Case 1: If s > 1 and n c (u[) > 2, then define E{B{) = E(B 2 ) = 
{uiu 2 , u[u 2 , u 2 k-iu 2 k, u 2 k-iu' 2k }, and define J by the following rule: 

• J = {tii, u[,u 3 } if nc(iii) = n G (u[) = n c (u 3 ) = 2; 

• J = {tii,«3} if = n c{ u 'i) = n c(^3) = 3 and u[ G 

N G (v 2 k-i); 

• J is any independent subset of {ui, u^, U3} of size 2 containing a 
vertex of nc*-value three, otherwise. 

Then (Si, {J}) and (-B 2 ,{J}) are desired unless u[ G N G (v 2 k-i) and 
= 2, by statements 7 and 8 of Lemma 14.21 Note that a similar 
augument works for the case that s > 0, nc(u' 1 ) > 2, u[ N G (v 2 k-i) 
and nc(«3) > 2 unless ii 3 G N G (v 2 k-i) U N G (v 2 k) and nc(n 3 ) = 2. 
Similarly, the lemma holds if s > 0, nc(u' 1 ) = 3, u[ G N G (v 2k -i), and 
n c( u 3) > 2. So we may assume that either s < 0, or s > 1 and one of 
the following: n G (ui) < 1 or n G (ui) = 2 with u[ G N G (v 2k -\). 
Case 2: If s = A; — 2, then define E{B\) = E(B 2 ) = {uiU2,u' 1 U2, 
U2k-iU2k,U2k~iu 2k ,u[u 2k ,u 2 j-iu 2 j : 2 < j < k - 1} . Note that s = 
k — 2 > 1, so either nc(w'i) < 1 or nc(«' 1 ) = 2 with u[ G N G (v 2k -i), 
and hence ^ ii 2fe . Then (I?i, 0) and (B 2 , 0) are desired by statement 
3 of Lemma 14.21 

Case 3: If s = k — 3, then define E{B\) = E(B 2 ) = {uiU2,u' 1 U2, 

U 2j ^ 1 U 2j ,U 2 k-lU 2k ,U 2k _ 1 u' 2k ,U 2 k^3U2k,U2k-3U 2k : 2 < j < k - 2}. 

Then (i?i,0) and (i? 2 ,0) are desired by statement 5 of Lemma 14.21 
Case 4: If < s < k — 4, and if N g (v 2s+ q) when s = 0, then 
> 4 and u[ -/Vo^s+e) since either nc(iti) < 1 or nc(n' 1 ) = 2 
with n'i G N G {v 2 k-i) when s > 1, and then we define E{B\) = 

{uiU 2 ,u[u 2 , U 2 j-iU 2 j,U 2k -lU 2 k, U 2 k-\u' 2k , n / 1 n 2s +6,'M2s+3'"2s+6, U2 s+ 5U 2s +e ■ 

2 < j < s + 1}, and define E(B 2 ) later. Then {B 1 ,$) penetrates C by 
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statement 6 of Lemma 14,21 and at most one vertex v in B\ has degree 
more than 2nc(v). Moreover, if such v exists, then v is adjacent to 
a vertex u in B\ with deg Bl (ii) < 2nc(u) — 1, and v is adjacent to a 
vertex Vi in C with even index i = 2s + 6 > 4; if deg Bl (u) > 2nc{v) + 1 
and nc(v) > 2 then nc(f) = 2 and t> is adjacent to v 2 k-i- 
Case 5: If s = — oo, then define E(B\) = {uiU2,u' 1 U2,U2k~iU2k, 
tt2fc-iV 2fc , U1U4, n' 1 U4, U3U4}, and define E{B2) later. Similarly, (Sj,0) 
penetrates C by statement 4 of Lemma f4. 21 and at most one vertex v in 
B\ has degree more than 2nc(v ), and once such 7; exists, v is adjacent 
to a vertex with the index 4, and nc(v) > 2 implies nc(v) = 2 and v 
is adjacent to t>2fc-i- 

If there is no vertex v such that deg Bl (t>) = 2nc{v) + 1, or the 
vertex v with deg Bl (v) = 2nc{v) + 1 satisfies nc(v) = 3 in Case 4 and 
Case 5, then we further define E{B2) = E(Bi). 

Case 6: Assume that s = and it^ £ Ng(vq), and if nc(u3) > 2, 
then nciuz) = 2 and U3 G Na^k-i) U Nc(v2k)- Note that it is the 
remaining case that E(B\) has not been defined. We consider the 
following subcases. 

• When k > 5 (so 77,3 / Tig) and 775 ^ Tig, define E{B{) = 
{u 1 U2,u[u2,u 3 u 8 ,u 5 U8,u 7 u 8 ,U2k-iU2k,U2k-iu 2k }, then (Bi,0) are 
desired by statement 10 of Lemma 14.21 Note that every ver- 
tex v other than ug in B\ has degree at most 2nc(v). And 
deg Bl (us) > 2nc(us) + 1 implies that nc{u&) ^ 2 or nc{us) = 2 
with u 8 G N G {v 2 ) U N G (v 2 k-i)- We further define -E(-B 2 ) = 
E(B X ) if deg Bl (u 8 ) < 2n c (u 8 ) or nc-(u 8 ) = 3. 

• When k > 4 and 7x5 = Us, let t = max{f G Z : F(v2j+5) Q 
F(u2 J+ 8), < i < j}, so < t < k - 4. If t = 2k - 4, then we as- 
sume that u 2 fc G Nofaks)- Define E{B\) = {uiU2,u[u2,u 5 uq, 
U2i+7U2i+8,u 2 k-iU2k,U2k-iu' 2 k : < z < t - 1} U T, where T is 
defined as follows: 

- T = {u 3 u' 2k } if t = k - 4; 

- T = {u 2 k-3U2k, U2k-3u' 2k } if i = A; - 5; 

- T = {u 3 U2t+lO,U2t+7U2t+lO,U 2t +9U2t+lo} if < t < A; - 6. 

Notice that i?i does not have loops since 77.(7(7x3) > 2 implies 
that 7777(7x3) = 2 and 7x3 G Nofak-i) U ^c(v2k), and hence 
(i?i,0) penetrates C by statement 11 of Lemma 14.21 Also, every 
vertex v other than 7x 2 t+io i n B\ has degree at most 2nc(v), and 
deg Sl (7i 2 t+io) > 2n c (7i2t+io) + 1 only if < t < k - 6. And 
either nc(u 2 f+io) / 2, or nc(u 2 f+io) = 2 with u 2 mo G N G (v 2 )U 
N G (v 2 k-i)- We further define E(B 2 ) = E(B X ) if deg Bl {u 2 t+vo) < 
2n c (u2t+io) or nc(u 2i +io) = 3. 
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• When k = 4 and u 5 & N G (v s ), define E(B X ) = E(B 2 ) = 
{uiU2,u' 1 U2,U5Us,U5u' 8 ,U7Us,U7U , 8 }, then (-Bi,0) and (52,0) are 
desired by statement 9 of Lemma 14.21 

• When k = 3, define E{B\) = E(B2) = {uiU2,u' 1 U2,U3Uq,U3Uq, 
U5U6,uz,u' e }, then (l?i,0) and (I?2)0) are desired by statement 5 
of Lemma 14, 21 

Consequently, E(B\) are defined in all cases. 

In fact, if B2 is not defined, then k > 3 and there is an even number 
p G" {2, 2k} and a vertex w\ G N{v p ) in l?i such that the following 
hold: 

• deg Bl Oi) = 2n c {wi) + L 

• n c (wi) < 2; 

• if n c (wi) = 2, then G N G (v p ) D N G (v2k-i) or u>i E Nq(v p ) n 

• if u 6 ^(-Bi) - {^i}, then deg Bl (w) < 2nc(-u); 

• if v G V^(-Bi) — {wi} and deg Sl (i>) = 2nc(v), then Nq(v) n 
F(C) C {«i,« 2 , u 2 k-i, u p }. 

Let Xj = V2k+i~i for 1 < i < 2k, so 21X2... X2fc is the same path as 
v\V2-..V2k but the order of the index of vertices are reversed. Now, for 
those case that E{B2) have not been defined, we define other boundry- 
graphs B[,B' 2 for the path x x x 2 ...X2k with V(B[) = V(B\) = V(B' 2 ) = 
V(B2) by applying the same rules as we defined B±,B2- The same 
argument shows that either E(B[) and E(B' 2 ) can be defined, or E(B[) 
can be defined in a way such that every vertex v except one vertex 
1V2 G N(v2k+i-q) with some even number q G" {2, 2k} in B[ has degree 
at most 2nc(v ) such that the following hold: 

• deg B2 (w 2 ) = 2n c (w 2 ) + 1; 

• n c {w2) < 2; 

• if n c (w 2 ) = 2, thenw 2 G N G (v 2 k+i-q)r\N G (v 2 ) orro 2 G N G (v 2 k+i- 
N G (v 2 k-i); 

• if v G V(-B^) - {w 2 } and deg Bl (v) = 2n c (v), then iV©^) n 

V(C) C {« 2 ,M2fc-l,«2fc,^2fe+l-q}- 

Hence, we are done if both E(B\) and E{B2) or both E(B[) and E(B 2 ) 
can be defined, so it remains to consider the case that E(B2) and 
E(B' 2 ) are not defined. We claim that (i?i,0) and (-B(,0) are desired. 
Notice that it is enough to prove that w\ ^ W2- Since n G {w\) < 2 
and n G (w2) < 2, we know that w\ = w 2 implies that w\ G N G (v2) fl 
N G (v2k-i), and it is a contradiction as p 7^ 2. This proves the lemma 
when C is a path of even order. 
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When C is a graph in %. Let V(C) = {xj, yj : 1 < i < a, 1 < j < b} 
and E(C) = {xiX i+1 , yjVj+i, x 2 y2 : 1 < i < a - 1, 1 < j < b - 1} for 
some even positive integers a and b. Let F(-Bf ) = V^B^') = N G ({xi : 

1 < i < a,i^ 2}) n Nq(C). Define ), J"/", and as 
in the case of path of even order. Note that since N G (x 2 ) H N g (C) Pi 
(7(5f)uy(B^")) = 0, we have that for i = 1,2, if there exists x G Jf 
for some Jf G J^'" with n c {x) = 3, then \\J veJ ,„ N & » (v)\ < 1. And 
then define B 1 and B 2 be graphs on TVg(C') such that E{Bi) = E(B^)U 
{wz : w G NaiVb-i) n Ng(C), z G iVc^b) fl iV G (C)}. For each i = 1, 2 
and each Jf G if Jf n (JV G (y 6 _i) U Afc(lfc)) = 0. th en define 
Ji = Jf ; otherwise, define Jj to be an independent subset of Jf of size 

2 containing a vertex with n G - value 3 such that llXeJi ^ B i( v ^\ — ^ - 
Then {Bi,J\) and {B^iJ-i) penetrates C by Lemma [4.3( where J\ 
and J 2 is the collection of those Ji's and J2's that we just defined, 
respectively. This completes the proof. □ 

Proof of Lemma 12. 4t Since / is a good 3-coloring, C is a good 
graph. By Lemma 14. 1H there is a matching M and an independent 
set I C {v : deg c (v) = 3} such that for every F 1 ,F 2 : V{C) -> 2l 14 l 
that obey M, there are Fj-avoiding colorings /j of C, for i = 1, 2, such 
that |/i (w) I + \f 2 (v)\ = 16 - 2deg c (v) - 2 ■ lj(v) for all v G V(C). 
Let S = {v'u' : v' G N G (v) n N G (C),u' G iV G («) n iV G (C), deg c (^) = 
l,u G iV G (u)}. Let T = {x'y' : xy G iW>' G iV G (x) n N G (C),y ; G 
A r c(y)niV G (C)}. Define Si = B 2 = {N G (C),SUT). By Lemma EH 
(.Bi,0) cooperates with (S 2 ,0). □ 

6 Concluding remarks 

In this paper, we proved that Xf(G) < 43/15 for every triangle- 
free subcubic graph G. In fact, we proved the stronger statement that 
for every fractionally t-critical triangle-free subcubic graph G with 
t > 8/3, there is an independent set I and a function / : V(G) — > 2l 168 l 
such that \f(v)\ = 72 — 4deg G (u) — 4 ■ l/(w) for every vertex v. Hence, 
Xf(G) < 14/5 if we can get rid of the error term li(v) from the above 
equation. Recall that every vertex in / is adjacent to three vertices 
which receive the same color from a good 3-coloring. So one possible 
way to remove the error term is to prove that every fractionally 14/5- 
critical graph has a linear 3-coloring without any rainbow Lq. A linear 
coloring is a proper coloring such that each two color classes induce a 
graph of maximum degree at most 2. It is not hard to show that such 
a 4-coloring exists by using Liu and Yu's result about linear colorings 
|10| . On the other hand, Esperet et al. [2] showed that determining 



41 



whether a subcubic graph admits a linear 3-coloring is NP-complete 
in general, so the condition for fractionally critical is crucial. 

In contrast with linear coloring, we conjecture that every subcubic 
graph other than K± has a proper 3-coloring such that each two color 
classes induce a disjoint union of cacti, where a cactus is a graph whose 
blocks are edges and cycles. At some time when we tried to simplify 
the proof, we thought that the positive answer of the conjecture might 
be helpful. 

Finally, we note that Heckman and Thomas [8j also conjectured 
that every planar triangle- free subcubic graph has fractional chromatic 
number at most 8/3. In section 2, we investigate the structure of 
fractionally t-critical graphs with t > 8/3, so it might be helpful in 
dealing with this conjecture. 

Acknowledgement. The author thanks Professor Robin Thomas for 
many suggestions for preparing this paper. 
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